Part III — Analysis of Partial Differential
Equations

Theorems with proof

Based on lectures by C. Warnick
Notes taken by Dexter Chua

Michaelmas 2017

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

This course serves as an introduction to the mathematical study of Partial Differential
Equations (PDEs). The theory of PDEs is nowadays a huge area of active research,
and it goes back to the very birth of mathematical analysis in the 18th and 19th
centuries. The subject lies at the crossroads of physics and many areas of pure and
applied mathematics.

The course will mostly focus on four prototype linear equations: Laplace’s equation,
the heat equation, the wave equation and Schrodinger’s equation. Emphasis will be
given to modern functional analytic techniques, relying on a priori estimates, rather
than explicit solutions, although the interaction with classical methods (such as the
fundamental solution and Fourier representation) will be discussed. The following basic
unifying concepts will be studied: well-posedness, energy estimates, elliptic regularity,
characteristics, propagation of singularities, group velocity, and the maximum principle.
Some non-linear equations may also be discussed. The course will end with a discussion
of major open problems in PDEs.

Pre-requisites

There are no specific pre-requisites beyond a standard undergraduate analysis back-
ground, in particular a familiarity with measure theory and integration. The course
will be mostly self-contained and can be used as a first introductory course in PDEs for
students wishing to continue with some specialised PDE Part III courses in the Lent
and Easter terms.
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2 The Cauchy—Kovalevskaya theorem

2.1 The Cauchy—Kovalevskaya theorem

Theorem (Picard-Lindelof theorem). Suppose that there exists r, K > 0 such
that B(up) C U, and

1f(x) = FW)Il < K|z — uo|

for all z,y € B,(up). Then there exists an £ > 0 depending on K, r and a unique
C! function u : (—¢,¢) — U solving the Cauchy problem.

Proof sketch. If u is a solution, then by the fundamental theorem of calculus,
we have

u(t) = ug —|—/0 fu(s)) ds.

Conversely, if u is a O solution to this integral equation, then it solves the
ODE. Crucially, this only requires u to be C°. Indeed, if u is C° and satisfies
the integral equation, then u is automatically C'. So we can work in a larger
function space when we seek for w.

Thus, we have reformulated our initial problem into an integral equation. In
particular, we reformulated it in a way that assumes less about the function. In
the case of PDEs, this is what is known as a weak formulation.

Returning to the proof, we have reformulated our problem as looking for a
fixed point of the map

¢
B:w »—>u0+/ flw(s)) ds
0
acting on
C={w:[~¢,e] = B,2(uo) : w is continuous}.

This is a complete metric space when we equip it with the supremum norm (in
fact, it is a closed ball in a Banach space).

We then show that for & small enough, this map B : C — C is a contraction
map. There are two parts — to show that it actually lands in C, and that it is
a contraction. If we managed to show these, then by the contraction mapping
theorem, there is a unique fixed point, and we are done. O

Theorem (Cauchy—Kovalevskaya for ODEs). The series

u(t) = Z Uk 7y
k=0 )

converges to the Picard—Lindelof solution of the Cauchy problem if f is real
analytic in a neighbourhood of uyg.

Lemma.
(i) If g > f and g converges for |z| < r, then f converges for |z| < r.

(i) If f(z) =, fax® converges for < r and 0 < s\/n < r, then f has a
majorant which converges on |z| < s.
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Proof.
(i) Given z, define Z = (|x1|, |22|,. .., |zs|). We then note that
D 1fax® =D [fal® <) gad™ = (&),
[e3% [e3 [
Since |Z| = |x| < r, we know g converges at Z.

(ii) Let 0 < sy/n < r and set y = s(1,1,...,1). Then we have

ly| = sv/n <.

Zfozya

[e3

So by assumption, we know

converges. A convergent series has bounded terms, so there exists C' such

that
[fay®l = C
for all a. But y* = sl®l. So we know
C C |a|!
[fal < 557 < Tu-
slal = glal gl

But then if we set

Cs al!
9(z) = oy Lo e

s—(x1+-~-+xn): slelal

we are done, since this converges for |z| < NG O

s

-
Theorem (Cauchy—Kovalevskaya theorem). Given the above assumptions, there
exists a real analytic function u = ) _ uqz® solving the PDE in a neighbourhood
of the origin. Moreover, it is unique among real analytic functions.

Lemma. For k =1,...,m and « a multi-index in N”, there exists a polynomial
¢" in the power series coefficients of B and c such that any analytic solution to
the PDE must be given by

u= an(B,c)xa,

where qq, is the vector with entries g¥.
Moreover, all coefficients of g, are non-negative.

Proof. We construct the polynomials ¢* by induction on a,,. If a;, = 0, then
since u =0 on {z,, = 0}, we conclude that we must have
Da
Uy = 711(0) =0.
a!

For o, = 1, we note that whenever 2™ = 0, we have u,;, =0for j=1,...,n—1.
So the PDE reads

u,, (z/,0) = c(0,2").
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Differentiating this relation in directions tangent to z, = 0, we find that if
a = (a/,1), then
D%u(0) = D ¢(0,0).

So ¢* is a polynomial in the power series coefficients of ¢, and has non-negative
coeflicients.
Now suppose a,, = 2, so that a = (¢/,2). Then

D% = D% (ugn)pn

= D¥ ZBjuwj +c
J

xmn

—D¥ Z <Bjumj’mn + Z (Bupumj) ’U,Zn) + Z Cupugn
J P P
We don’t really care what this looks like. The point is that when we evaluate at 0,
and expand all the terms out, we get a polynomial in the derivatives of B; and c,
and also D?u with 8,, < 2. The derivatives of Bj and c are just the coefficients
of the power series expansion of B; and c, and by the induction hypothesis, we
can also express the D?u in terms of these power series coefficients. Thus, we
can use this to construct q,. By inspecting what the formula looks like, we see
that all coefficients in q, are non-negative.
We see that we can continue doing the same computations to obtain all qg.

O

Lemma. If Bj > Bj and ¢ > c, then

46 (B, €) > qq(B; c).
for all a. In particular, > u.
Lemma. For any C and r, define

C
Wz, a') = !
rf(xl++xn_l)7(zl++zm)

If B and c are given by

1 1 1

* / / .. . * no_ / .
Bi(z,2") = h(z,2") [+ -, |, c"(z2)=h(za) ],

1 1 1
then the power series

u= an(B,c)xa

«
converges in a neighbourhood of the origin.
Proof. We define
1
v(z) = — (7" — @t == (@ anD))2 — 2mnCr:E”> ,
mn
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which is real analytic around the origin, and vanishes when ™ = 0. We then
observe that

gives a solution to the corresponding PDE, and is real analytic around the origin.
Hence it must be given by that power series, and in particular, the power series
must converge. O

2.2 Reduction to first-order systems
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3 Function spaces

3.1 The Holder spaces
3.2 Sobolev spaces
Theorem. LT (U) is a Banach space with the L? norm. O

Lemma. Suppose v,9 € L}, .(U) are both ath weak derivatives of u € Lj, (U),
then v = ¥ almost everywhere.

Proof. For any ¢ € C(U), we have

/U(v — )¢ dz = (—1) / (u —u)D% dz = 0.

U

Therefore v — v = 0 almost everywhere. O

Theorem. For each k = 0,1,... and 1 < p < oo, the space W*P?(U) is a Banach
space.

Proof. Homogeneity and positivity for the Sobolev norm are clear. The triangle
inequality follows from the Minkowski inequality.
For completeness, note that

ID%ul[ o) < [Jullwrer @)

for |a] < k.
So if (u;)22, is Cauchy in W*P(U), then (D%u;)$2, is Cauchy in LP(U) for
|a| < k. So by completeness of LP(U), we have
D%; — u® € LP(U)

for some u®. It remains to show that u® = D%, where u = u(99-0) Let
¢ € C°(U). Then we have

(71)‘a|/quDa¢ dz:/UDo‘uqu dz

for all j. We send j — co. Then using D%u; — u® in LP(U), we have

(—1)")“/UuDo‘q5 d:r,:/Uu“qux.

So D%y = u* € LP(U) and we are done. O

3.3 Approximation of functions in Sobolev spaces
Theorem. Let f € L}, .(U). Then

(i) f. € C2(U:).

(ii) fe — f almost everywhere as ¢ — 0.

(iii) If in fact f € C(U), then f. — f uniformly on compact subsets.
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(iv) If 1 < p < oo and f € L} (U), then f. — f in L} (U), i.e. we have
convergence in LP on any V € U. O

Lemma. Assume u € WP (U) for some 1 < p < oo, and set
Ue =N xu on Ue.
Then
(i) ue € C*°(U;) for each € > 0
(i) If V € U, then u. — u in WhP(V).
Proof.
(i) As above.

(ii) We claim that
D% = ne * D%u

for |a] < k in U..

To see this, we have
D% (z) = D® /U ne(z — y)u(y) dy
/ Dine(z — y)u(y) dy
- /U(q)la‘D‘;ns(x —y)uly) dy

For a fixed z € U, n.(x — -) € C°(U), so by the definition of a weak
derivative, this is equal to

= /Uns(x —y)D%u(y) dy
=17 * D%u.

It is an exercise to verify that we can indeed move the derivative past the
integral.

Thus, if we fix V' € U. Then by the previous parts, we see that D®u. —
D%y in LP(V) as e — 0 for |a] < k. So

l|ue — UHWk (V) T Z |D%u; — D UHLP(V)
|| <k
as ¢ — 0. O

Theorem (Global approximation). Let 1 < p < oo, and U C R™ be open and
bounded. Then C*°(U) N WkP(U) is dense in WP (U).

Proof. For i > 1, define

Ui ={z €U |dist(z,0U) > 1}
Vi =Uiss — Uina
W; = Uirq — Us.

10
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We clearly have U = |J;2, U;, and we can choose Vy € U such that U = ;= V;.
Let {¢;}52, be a partition of unity subordinate to {V;}. Thus, we have
OSCz <1, QECSO(V;) and Z;)iogizl on U.
Fix § > 0. Then for each i, we can choose ¢; sufficiently small such that

uh =, * Gu
satisfies supp u; € W; and

1)
lui = Gullwrr @) = llui = Gullwrrw,) < ST

Now set

v = iul e C™(U).
i=0

Note that we do not know (yet) that v € W*P(U). But it certainly is when we
restrict to some V € U.
In any such subset, the sum is finite, and since u = Zfio C;u, we have

v = ullwrrry <Dt = Gullwrrgy <8270 =56,
=0 =0

Since the bound § does not depend on V', by taking the supremum over all V',
we have
v = ullwer@) < 0.

So we are done. O

Theorem (Smooth approximation up to boundary). Let 1 < p < oo, and
U C R™ be open and bounded. Suppose 9U is C%!. Then C=(U) N WkP(U) is
dense in WkP(U).

Proof. Previously, the reason we didn’t get something in C°°(U) was that we
had to glue together infinitely many mollifications whose domain collectively
exhaust U, and there is no hope that the resulting function is in C°°(U). In the
current scenario, we know that U locally looks like

-7

The idea is that given a u defined on U, we can shift it downwards by some e.
It is a known result that translation is continuous, so this only changes u by a
tiny bit. We can then mollify with a € < e, which would then give a function
defined on U (at least locally near ).

So fix some zg € OU. Since AU is C%!, there exists 7 > 0 such that
v € COYR"1) such that

U N By(xg) = {(2',z,) € B.(2) | 2, > v(2")}.
Set
V = UnNB,(z?).

11
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Define the shifted function u. to be
ue(x) = u(x + eey).
Now pick € sufficiently small such that

g _
V77 =Mz * Ug

is well-defined. Note that here we need to use the fact that OU is C*!. Indeed,
we can see that if the slope of OU is very steep near a point x:

then we need to choose a € much smaller than €. By requiring that v is 1-Holder
continuous, we can ensure there is a single choice of £ that works throughout V.
As long as ¢ is small enough, we know that v5¢ € C®(V).

Fix § > 0. We can now estimate

||U€"§ - u||Wk-p(V) = HUs’é = Ue + U — U||Wk>r’(v>
< 0% = uellwrr vy + lue — ullwes .

Since translation is continuous in the LP norm for p < oo, we can pick € > 0
such that [Jue — ullwrry < ¢. Having fixed such an ¢, we can pick £ so small
that we also have [[v5¢ — uc||yr.n(r) < S.

The conclusion of this is that for any x¢ € OU, we can find a neighbourhood
V C U of zo in U such that for any u € W*P(U) and § > 0, there exists
v € C°°(V) such that [[u —vl[yrrry < 0.

It remains to patch all of these together using a partition of unity. By the

compactness of OU, we can cover QU by finitely many of these V', say V1,..., V.
We further pick a Vj such that Vo € U and

N
U= Uw.
=0

We can pick approximations v; € C°(V;) fori = 0,..., N (the i = 0 case is given
by the previous global approximation theorem), satisfying ||v; — ulyr.»v;) < 0.
Pick a partition of unity {¢;}}¥, of U subordinate to {V;}. Define

N
V= Z szz
=0

Clearly v € C*(U), and we can bound

N N
DY " Givi =D (i
=0 i=0

N

< Cg Z lvi — ullwrn vy
=0

D% — D%l Lo(ury =

Le(U)

12
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where CY, is a constant that solely depends on the derivatives of the partition of
unity, which are fixed. So we are done. O

3.4 Extensions and traces

Theorem (Extension of W functions). Suppose U is open, bounded and OU
is C''. Pick a bounded V such that U € V. Then there exists a bounded linear
operator

E:Wh(U) - WP(R")

for 1 < p < oo such that for any u € WP (U),
(i) Eu = w almost everywhere in U
(ii) Fu has support in V/

(iii) [[Eullwrr@ny < Cllullwip@), where the constant C' depends on U, V,p
but not w.

Proof. First note that C1(U) is dense in WP(U). So it suffices to show that
the above theorem holds with W1(U) replaced with C'(U), and then extend
by continuity.

We first show that we can do this locally, and then glue them together using
partitions of unity.

Suppose z° € AU is such that OU near z° lies in the plane {x, = 0}. In
other words, there exists » > 0 such that

By =B.(2°)n{z, >0} CU
B_ =B, (2°)n{z, <0} CR"\ U.
The idea is that we want to reflect u|p . across the x, = 0 boundary to get a

function on B_, but the derivative will not be continuous if we do this. So we
define a “higher order reflection” by

() = {u(x) r € BT

—3u(z’, —zy,) +4 (ua’,—%) z€B_

A -
>

13
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We see that this is a continuous function. Moreover, by explicitly computing the
partial derivatives, we see that they are continuous across the boundary. So we
know @ € C*(B,(z?)).

We can then easily check that we have

l@llwrr (B, @0y < Cllullwirs,)

for some constant C'.

If OU is not necessarily flat near 2° € OU, then we can use a C! diffeomor-
phism to straighten it out. Indeed, we can pick r > 0 and v € C*(R"~!) such
that

U0 B,(p) = {(&/,2") € By(p) | 2" > 7(a)}.

We can then use the C'-diffeomorphism ® : R — R" given by

O(z)'
O(z)"

mi
Tn _r}/(xla" .,J}n)

Then since C! diffeomorphisms induce bounded isomorphisms between WP,
this gives a local extension.

Since QU is compact, we can take a finite number of points 2? € OW, sets
W; and extensions u; € C*(W;) extending u such that

ou C | | Ws.

-

=1

Further pick Wy € U so that U C Uf\;O Wi. Let {¢;}X, be a partition of unity
subordinate to {W;}. Write
N
u= Z Giti
i=0

where g = u. Then 4 € C1(R"), & = u on U, and we have

il soan) < Cllullwo)-

By multiplying @ by a cut-off, we may assume suppua C V for some V 3 U.
Now notice that the whole construction is linear in u. So we have constructed
a bounded linear operator from a dense subset of W1P(U) to WP(V), and there
is a unique extension to the whole of WP (U) by the completeness of W12 (V).
We can see that the desired properties are preserved by this extension. O

Theorem (Trace theorem). Assume U is bounded and has C' boundary. Then
there exists a bounded linear operator T : WhP(U) — LP(dU) for 1 < p < oo
such that Tu = ulgy if u € WHP(U) N C(U).

Proof. 1t suffices to show that the restriction map defined on C'*° functions is a
bounded linear operator, and then we have a unique extension to W1?(U). The
gist of the argument is that Stokes’ theorem allows us to express the integral of
a function over the boundary as an integral over the whole of U. In fact, the
proof is indeed just the proof of Stokes’ theorem.

14
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By a general partition of unity argument, it suffices to show this in the case
where U = {x,, > 0} and u € C°°U with suppu C Bg(0) NU. Then

<9
/ lu(a’, 07 dx’:/ 9t wn)|P day da’
Rn—1 Rn—1 J0 8xn
= / plulP~tu,, sgnu dz, da’.
U

We estimate this using Young’s inequality to get

/Rn_1 lu(z’,0)|P da’ < C’p/U [ul? + |ug, |P AU < CpHu||€v1,p(U)«
So we are done. 0

3.5 Sobolev inequalities

Lemma. Let n > 2 and fi,..., f, € L" Y(R"1). For 1 <i < n, denote

€Xr; = (.131,...,xi_1,$i+1,...,$n),

and set
Then f € L*(R™) with

Al ™) < TT I illzn-s (-
i=1

Proof. We proceed by induction on n.
If n = 2, then this is easy, since

f(z1,22) = fi(z2) f2(z1).
So
[ sl do = [ 1G] oz [ 1faon)] da

= | fillzr oyl foll L1 gy

Suppose that the result is true for n > 2, and consider the n 4+ 1 case. Write

f(@) = fur1(@ns1) F(2),

where F(z) = f1(Z1) - fn(Zrn). Then by Holder’s inequality, we have

/ FCoan)l dz < sl G gl oo o).
Xy Tn

.....

We now use the induction hypothesis to

n/(n—1 n/(n—1 n/(n—
fl/( )('7$n+1) 2/( )(',$n+1)"'fn/( 1)('7$n+1)-

15
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So

n—1
n

L1,

= ||fn+1||L”(R")H||fz s Tm ) || L g1

=1

Now integrate over z,,+1. We get

Il @nt1y < | fatallnge) H||fz s Tnt1)| Ln@n-1) dTn.

Tn4+1 ;=1

n

1/n
< fnsalle@een [ ] </ I1£iCs 2na )T @1y dxn+1>
T4l

i=1

= | fatallznn) [T 1£illon@n)- O

i=1

Theorem (Gagliardo—Nirenberg—Sobolev inequality). Assume n > p. Then we
have
WEP(R™) C L7 (R™),
where np
p = > p,
n—p
and there exists ¢ > 0 depending on n, p such that

ull o= mry < cllullwrrgn)-
In other words, W'?(R") is continuously embedded in LP™ (R").
Proof. Assume u € C2°(R"™), and consider p = 1. Since the support is compact,
x4
u(az):/ Ug, (T1y e ooy T, Yiy Tig 1y« -+, Tp) Ay
—0o0
So we know that
o0
lu(z)] < / IDu(z1, ..y i1, Yis Tit1s - - -5 Tn)| dys = fi(T4)-
— 00
Thus, applying this once in each direction, we obtain

n

| |n/n 1) H 1/n 1)

If we integrate and then use the lemma, we see that

n/(n—1) 1/(n—1 n/(n—1
(lull /o ) < TR s aresy = Dl

=1

16
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So

||u| Ln/(n=1)(R") S C”DUHLI(Rn).

Since C2°(R™) is dense in W11 (R™), the result for p = 1 follows.
Now suppose p > 1. We apply the p = 1 case to

v =ul?
for some v > 1, which we choose later. Then we have
Dv = ysgnu - |u|?"'Du.

So

n—1

(/ |71 dm) ' S’y/ |u|? ! Du| dz
p=1 1
< (/ lu| V55T dx> (/ |Dul? dx)
n ]Rn

mo (= 1)p.

We choose v such that

n—1 p—1
So we should pick
-1
_pn=1
n—p
Then we have
n np
n—1 n —p N
So
oot —-1) =
(/ Jul”” dx) < pln — 1) (/ |ul? dl’) IDul| o gn)-
n n—p Rn
So

1/p*
* p(n—1
(/ |ul? dl’) < (n_p)”DuHLT’(R")-

This argument is valid for v € C2°(R™), and by approximation, we can extend
to Whp(R™). O

Corollary. Suppose U C R" is open and bounded with C'-boundary, and
1 < p < n. Then if p* = "2 we have

n—p’
Wl’p(U) C Lp*(U),
and there exists C = C(U, p,n) such that
HUHLP*(U) < CHUHWLP(U).

Proof. By the extension theorem, we can find 4 € WHP(R") with % = u almost
everywhere on U and

ltllwe@®ny < Cllullwrrw)-

Then we have

lull o= 0y < 18l s vy < cllaflwre@ny < Cllullwrew)- O

17
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Corollary. Suppose U is open and bounded, and suppose u € Wol’p(U). For
some 1 < p < n, then we have the estimates

lull ey < ClDullpr o)
for any ¢ € [1, p*]. In particular,
[ullr @y < ClIDullLr vy

Proof. Since u € Wy"P(U), there exists ug € C°(U) converging to u in Wh*(U).
Extending u,, to vanish on U, we have

U € C(R™).
Applying Gagliardo-Nirenberg-Sobolev, we find that
([l s (Rn) < CHDumHLP(Rn),

So we know that
wmllLe* 0y < ClIDUm|| Lo ().

Sending m — oo, we obtain
”uHLP*(U) < CHDUHLP(U).

Since U is bounded, by Hélder, we have

1/q 1/rq 1/sq
([rurae) < (frae) ([ e as) < Cllulue
U U U

provided ¢ < p*, where we choose s such that gs = p*, and r such that
1,1
~+ <=1 O
T S

Theorem (Morrey’s inequality). Suppose n < p < co. Then there exists a
constant C depending only on p and n such that

[ullcon@ny < Cllullwr@n
for all w € C°(R™) where C' = C(p,n) and 7 =1 — <L

Proof. We first prove the Holder part of the estimate.
Let @ be an open cube of side length » > 0 and containing 0. Define

Then

18
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Note that
u(x)—u(O):/o gu te) dt = Z/ 8x1
So
() — w0 I@/ZW
So we have
- |_|Q|// Z O o) at a
@l (/ X5t ’dy) «

- tQ|P" ) dt
Ozt L (tQ)

1

r n
< "
al (Z
1 _
where 5 + = 1.

Using that |Q] = ", we obtain

1
la —u(0)| < crl_"+7||Du||Lp(Rn)/ " dt
0
c_ ¢
“1-n/p

Note that the right hand side is decreasing in r. So when we take r to be very
small, we see that u(0) is close to the average value of u around 0.

Indeed, suppose x,y € R" with |z —y| = §. Pick a box containing x and y
of side length r. Applying the above result, shifted so that z, y play the role of
0, we can estimate

Tl_n/pHDuHLP(]R”)-

lu(@) = u(y)| < |u(e) —al + |u(y) — @l < Cr'~"/?||Dul| o (gn).-
Since r < ||z — y|, it follows that

|u(z) — u(y)]

1-n
‘l‘— |1 n/p —C 2 /p”Du”Lp(]R")

So we conclude that [u]coq@wny < C[|Dul|Le@n).
Finally, to see that u is bounded, any x € R™ belongs to some cube @ of side
length 1. So we have

u(@)] < |u(z) — @+l < [a]+ ClDul[Le@n)-
But also
il < | @) dr < Julssien @) = lullncen
So we are done. O

Corollary. Suppose u € WP(U) for U open, bounded with C! boundary.
Then there exists u* € C%Y(U) such that u = u* almost everywhere and
[w* lcom @y < Cllullwae@)-
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4 Elliptic boundary value problems

4.1 Existence of weak solutions

Theorem (Lax—Milgram theorem). Let H be a real Hilbert space with inner
product (-, -). Suppose B : H x H — R is a bilinear mapping such that there
exists constants «, 5 > 0 so that

— |Blu,v]| < allul|||v]] for all u,v € H (boundedness)
= Bllull* < Blu,u] (coercivity)

Then if f: H — R is a bounded linear map, then there exists a unique u € H
such that

B[uvv} = <f,11>
for all v € H.

Proof. By the Riesz representation theorem, we may assume that there is some
w such that

(fiv) = (u,v).
For each fixed u € H, the map

v — Blu,v]

is a bounded linear functional on H. So by the Riesz representation theorem,
we can find some Awu such that

Blu,v] = (Au, v).
It then suffices to show that A is invertible, for then we can take u = A~ w.
— Since B is bilinear, it is immediate that A : H — H is linear.
— A is bounded, since we have

[ Aul[* = (Au, Au) = Blu, Au] < of|ul|[| Aul.

— A is injective and has closed image. Indeed, by coercivity, we know
Bllull® < Blu,u] = (Au, u) < || Aul|[[u].-

Dividing by ||u||, we see that A is bounded below, hence is injective and
has closed image (since H is complete).

(Indeed, injectivity is clear, and if Au,, — v for some v, then ||t — u,|| <
%HAum — Auy|| — 0 as m,n — oo. So (u,) is Cauchy, and hence has a
limit u. Then by continuity, Au = v, and in particular, v € im A)

— Since im A is closed, we know
H=imA®imA".
Now let w € im A+. Then we can estimate
Bllw|2 < Bw, w] = (Aw, w) = 0.

So w = 0. Thus, in fact im A+ = {0}, and so A is surjective. O
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Theorem (Energy estimates for B). Suppose a¥/ = a’*,b',c € L*>(U), and
there exists 6 > 0 such that

> a(@)&g; > 0)¢)
i,j=1

for almost every x € U and £ € R™. Then if B is defined by

Blu,v] = /U Z Vg 0 ug; + Z b'ug, v+ cuv | dz,
ij i

then there exists o, 8 > 0 and v > 0 such that
() [Blu.v]] < oflullis o lol ey for all w0 € HY(U)
(i) Bl ) < Blu,u] +llul2: .
Moreover, if b* = 0 and ¢ > 0, then we can take .
Proof.

(i) We estimate

Blu, o)l < 3 ¥ o) /U IDu|[Do] da
i,J

+ 3 blle~a) /U [Dulv] da

el ) /U o] dz

< c1||Dul| 2@y [IDv| 2 () + c2|IDull 2@y [0l 22 (1)
+ esllull Lz 1ol L2 (u)

< allull gyl 2wy
for some «.

(ii) We start from uniform ellipticity. This implies

9/ |Du|? dz S/ Z a' (2)ug, Uy, da
U U,

3,j=1

= Blu, u] —/ Zb‘umu + cu? dz
Ui=1
< Blu,u] + 3 [0 [ [Dullul da
i=1

 lellzm ) / Juf? da.
U

Now by Young’s inequality, we have

1
|Dul|u| dz < e [ Duf*dz+ — [ |u* dz
U U de Ju
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for any € > 0. We choose ¢ small enough so that

62 16" e 0 < 5

So we have
9/ |Du|? dz < Blu,u] + / |Dul|? dx—i—v/ lu? dz
for some ~. This implies
0
§HDUH%2(U) < Blu, u] +yull7z 0y

We can add gHuHZLQ(U) on both sides to get the desired bound on ||ul| g1 (1)

To get the “moreover” statement, we see that under these conditions, we have
9/ |Du|? dz < Blu,u].

Then we apply the Poincaré’s inequality, which tells us there is some C > 0
such that for all u € H}(U), we have
lull L2y < C[|Dul|p2v)- O
Theorem. Let U, L be as above. There is a 7 > 0 such that for any p >« and
any f € L?(U), there exists a unique weak solution to
Lu+pu=fonU
u =0 on JU.

Moreover, we have
[ull @y < Cllfllez2w)
for some C = C(L,U) >0
Again, if b* = 0 and ¢ > 0, then we may take v = 0.
Proof. Take ~ from the previous theorem when applied to L. Then if p > + and
we set
Bylu,v] = Blu, v] + p(u, v)L2(v),

This is the bilinear form corresponding to the operator
L,=L+p.

Then by the previous theorem, B,, satisfies boundedness and coercivity. So if we
fix any f € L?, and think of it as an element of H}(U)* by

(o) = (f ) gy = /U fode,

then we can apply Lax-Milgram to find a unique u € Hg (U) satisfying By, [u, v] =
(f;v) = (f,v)2() for all v € HY(U). This is precisely the condition for u to be
a weak solution.

Finally, the Garding inequality tells us

BllullFrwy < Bulu,u] = (f,w) 2wy < 1 fll 2 lull 2 oy
So we know that
Bllullar @y < 12wy O

22



4 FElliptic boundary value problelld Analysis of PDEs (Theorems with proof)

4.2 The Fredholm alternative

Theorem (Fredholm alternative). Consider the problem
Lu=f, uloy =0. ()

For L a uniformly elliptic operator on an open bounded set U with C! boundary,
either

(i) For each f € L%(U), there is a unique weak solution u € H}(U) to (x); or

(ii) There exists a non-zero weak solution u € H}(U) to the homogeneous
problem, i.e. (x) with f = 0.

Theorem (Fredholm alternative). Let H be a Hilbert space and K : H — H
be a compact operator. Then

(i) ker(I — K) is finite-dimensional.
(ii) im(I — K) is finite-dimensional.
(iii) im(I — K) = ker(I — Kt)*.
(iv) ker(/ — K) = {0} iff im(] — K) = H.
(v) dimker(I — K) = dimker(I — K) = dim coker(I — K).
Lemma. Weak limits are unique. O
Lemma. Strong convergence implies weak convergence. O

Theorem (Weak compactness). Let H be a separable Hilbert space, and suppose
(um)2°_; is a bounded sequence in H with ||u,,|| < K for all m. Then u,, admits
a subsequence (uy,,; )52 such that u,; — u for some u € H with [jul| < K.

Proof. Let (e;)$2 be an orthonormal basis for H. Consider (eq,u,,). By Cauchy—
Schwarz, we have
|(ex, um)| < [lexllllem]] < K.

So by Bolzano-Weierstrass, there exists a subsequence (uy,;) such that (e1, ;)
converges.

Doing this iteratively, we can find a subsequence (vg) such that for each 4,
there is some ¢; such that (e;,v¢) — ¢; as £ — oc.

We would expect the weak limit to be 3 ¢;e;. To prove this, we need to first
show it converges. We have

Z|CJ|2 hm Z| ej, ve)|
< SupZKej,vz)lz
j=1

< sup [Jog|?
< K2,
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using Bessel’s inequality. So
o0
u = Z cjej
j=1

converges in H, and [lul| < K. We already have
(ej,ve) = (ej,u)

for all j. Since |lvg — ul| is bounded by 2K, it follows that the set of all w such
that

(w,vp) = (v,u) (1)

is closed under finite linear combinations and taking limits, hence is all of H.
To see that it is closed under limits, suppose wy, — w, and wy, satisfy (). Then

(w0, v6) — (w, w)| < |(w—wr, v — )] +|(wy ve — )| < 2w — |+ | (wy, ve )]

So we can first find k large enough such that the first term is small, then pick ¢
such that the second is small. O

Lemma (Poincaré revisited). Suppose u € H*(R"™). Let Q = [£1,&1 + L] x -+ X
[€n,&n + L] be a cube of length L. Then we have

1 * nlL?
||UH%2(Q) < ] (/Q u(z) dx) + 7||Du||2L2(Q).

Proof. By approximation, we can assume u € COO(Q). For z,y € Q, we write

o d
+/ &u(ylatvx:iw'wzn) dt

e q
Sy, g1, t) At
+/ dtU(yl, Y 1 )

n

Squaring, and using 2ab < a? + b2, we have

w(@)? + uly)? — 2u(z)uly) < n (/y %u(t,xl, ) dt>2

Tn d 2
= Ut dt)
+TL< ; dtu(ylv Y 1 ) )

Yn

Now integrate over z and y. On the left, we get

/ /Q ey ue)? ) 20)u(s) = 20l ) 2 ( /Q u(z) dm)2 .
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On the right we have

Ty Xy d 2
< / dt <dtu(t’ T2, .. ,xn)> dt (Cauchy—-Schwarz)
Y1

Integrating over all z,y € Q, we get

// do dy I; < L2|Q|[Dyul3» -
QxQ

Similarly estimating the terms on the right-hand side, we find that

2 n

2[Qllullz2q) —2 (/Q u(z) dx) <n|Q| ) IDsulZ(q) = nlQIL?[DulF2(q)-
i=1

O

Theorem (Rellich-Kondrachov). Let U C R™ be open, bounded with C*
boundary. Then if (u,,)%°_; is a sequence in H(U) with u,, — u, then u,, — u
in L2

In particular, by weak compactness any sequence in H*(U) has a subsequence
that is convergent in L?(U).

Proof. By the extension theorem, we may assume U = @ for some large cube @
with U € Q.

We subdivide @ into N many cubes of side length J, such that the cubes
only intersect at their faces. Call these {Q,}2_;.

We apply Poincaré separately to each of these to obtain

] =

[|u _“H%z(Qa)

1 > no? 9
m o (uz - u) dx + THD% — D’ILHLz(Qa)

llu; — U||%2(Q) =

e
Il
—

1 [M]=

a

1 ? ne? 9
04 (u; —u)dx ) + THDUZ — Dul72(g)-

a

a=1

I
WE

a=1

Now since ||Du; — Du||%2(Q) is fixed, for § small enough, the second term is < 5.
Then since u; — u, we in particular have

/ (u; —u)der — 0 asi— oo

1

for all a, since this is just the inner product with the constant function 1. So for
i large enough, the first term is also < 5. O
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Corollary. Suppose K : L?(U) — H(U) is a bounded linear operator. Then
the composition

L2(U) 5= HY(U) —— L2(U)
is compact.

Proof. Indeed, if u,, € L*>(U) is bounded, then Ku,, is also bounded. So by
Rellich-Kondrachov, there exists a subsequence up,, — u in L*(U). O

Theorem (Fredholm alternative for elliptic BVP). Let L be a uniformly elliptic
operator on an open bounded set U with C'! boundary. Consider the problem

Lu=f, wulgy =0. (*)
Then exactly one of the following are true:
(i) For each f € L?(U), there is a unique weak solution u € H}(U) to (x)

(ii) There exists a non-zero weak solution u € H}(U) to the homogeneous
problem, i.e. (x) with f = 0.

If this holds, then the dimension of N = ker L C H}(U) is equal to the
dimension of N* = ker LT C H}(U).

Finally, (*) has a solution if and only if (f,v)z2() = 0 for all v € N*

Proof. We know that there exists v > 0 such that for any f € L?(U), there is a
unique weak solution u € Hj(U) to

Lou=Lu+~yu=f, ulogyv=0.
Moreover, we have the bound ||ul| g1y < C| f|lz2(y (which gives uniqueness).
Thus, we can set L7'f to be this u, and then L' : L*(U) — Hg(U) is a
bounded linear map. Composing with the inclusion L?(U), we get a compact

endomorphism of L?(U).
Now suppose u € H} is a weak solution to (*). Then

Blu,v] = (f,v) 2@ for all v € Hj(U)
is true if and only if
B, [u,v] = Blu,v] +y(u,v) = (f + yu,v) for all v € Hg(U).
Hence, u is a weak solution of (k) if and only if
u = L;l(f—i—fyu) :fyL;lu—i—L;lf.
In other words, u solves (x) iff
u— Ku=h,

for
K=~L]', h=L]'f.

Since we know that K : L?(U) — L?(U) is compact, by the Fredholm alternative
for compact operators, either
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(i) u — Ku = h admits a solution u € L?(U) for all h € L*(U); or

(ii) There exists a non-zero u € L*(U) such that u — Ku = 0. Moreover,
im(I — K) = ker(I — K')* and dimker(I — K) = dimim(I — K)*.

There is a bit of bookkeeping to show that this corresponds to the two alternatives
in the theorem.

(i) We need to show that u € H}(U). But this is trivial, since we have
_ 71 —1
u=vLu+ L f,
and we know that L' maps L*(U) into Hj(U).

(ii) As above, we know that the non-zero solution u. There are two things to
show. First, we have to show that v — KTv = 0 iff v is a weak solution to

Lfv =0, v|or = 0.

Next, we need to show that h = L' f € (N*)* iff f e (N*)*.

For the first part, we want to show that v € ker(I — K1) iff Bf[v,u] =
Blu,v] =0 for all u € H}(U).

We are good at evaluating Blu, v] when u is of the form L7 Lw, by definition
of a weak solution. Fortunately, im L ! contains C2°(U), since Ly L=
¢ for all ¢ € C°(U). In particular, im L3 is dense in Hj(U). So it suffices
to show that v € ker(I — KT) iff B[L;'w,v] = 0 for w € L*(U). This is
immediate from the computation

B[L;lw,v] = B,Y[L,;lw,v]—’y(L,;lw,v) = (w,v)—(Kw,v) = (w,v—KTv).
The second is also easy — if v € N* = ker(I — KT), then

(5 1.0) = Z(Kf0) = Z(FKT0) = Z(f.0). =
4.3 The spectrum of elliptic operators

Theorem (Spectral theorem of compact operators). Let dim H = oo, and
K : H— H a compact operator. Then

- 0(K) = 0,(K) U{0}. Note that 0 may or may not be in o, (K).
— o(K) \ {0} is either finite or is a sequence tending to 0.
— If A € 0,,(K), then ker(K — AI) is finite-dimensional.

If K is self-adjoint, i.e. K = KT and H is separable, then there exists a
countable orthonormal basis of eigenvectors.

Theorem (Spectrum of L).

(i) There exists a countable set ¥ C R such that there is a non-trivial solution
to Lu = Au iff A € 2.
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(ii) If ¥ is infinite, then ¥ = {A\z}72,, the values of an increasing sequence
with A\ — oco.

(iii) To each A\ € ¥ there is an associated finite-dimensional space
EN) = {u € H}(U) | uis a weak solution of (x) with f = 0}.
We say A € X is an eigenvalue and u € £(\) is the associated eigenfunction.

Proof. Apply the spectral theorem to compact operator L Ly L2(U) — L3(U),
and observe that
1— )y

A

L7'u= M u<=u=AL+7)u< Lu= u.

Note that L7 1 does not have a zero eigenvalue. O

Theorem. Suppose L is a formally self-adjoint, positive, uniformly elliptic
operator on U, an open bounded set with C! boundary. Then we can represent
the eigenvalues of L as

O< A <A< A<,

where each eigenvalue appears according to its multiplicity (dim £())), and there
exists an orthonormal basis {wy, }32, of L?(U) with wy, € H}(U) an eigenfunction
of L with eigenvalue \.

Proof. Note that positivity implies ¢ > 0. So the inverse L= : L?(U) — L?(U)
exists and is a compact operator. We are done if we can show that L™! is
self-adjoint. This is trivial, since for any f, g, we have

(L™ f,9) 12y = Blv,u) = Blu,v] = (L 'g, f)r2v)- O
4.4 Elliptic regularity
Lemma. If u € L*(U), then u € H*(V) iff
A" 2y < C

for some C' and all 0 < || < 3dist(V,dU). In this case, we have
1 h ~
5||DU||L2<V) < 1A%l 2 vy < C|[Dullp2vy-

Proof. See example sheet. O

Lemma. If w,v and compactly supported in U, then

/ wA v dr = / (Ahw)v dz
U U

AZ(wv) = (T,?"LU)AZ"U + (AZ’LU)’U,

where 7w (x) = w(x + hey).
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Theorem (Interior regularity). Suppose L is uniformly elliptic on an open set
U C R", and assume a” € CY(U), b',c € L°(U) and f € L?*(U). Suppose
further that v € H!(U) is such that

Blu,v] = (f,v)r2v) (1)
for all v € H}(U). Then u € H2 (U), and for each V € U, we have

loc
ull gz vy < CUfllz2wy + llull2@)y),
with C' depending on L, V,U, but not f or .

Proof. We first show that we may in fact assume b* = ¢ = 0. Indeed, if we know
the theorem for such L, then given a general L, we write

L'u=— Z(aijumj)z“ Ru = Z biug, + cu.
Then if u is a weak solution to Lu = f, then it is also a weak solution to

L'u = f — Ru. Noting that Ru € L?(U), this tells us u € H? _(U). Moreover,
onV eU,

— We can control |[u||g2(v) by || f — Rul|z2(vy and |Ju|z2¢vy (by theorem).

— We can control Hf - Ru||L2(V) by ||f||L2(V)a ||u||L2(V) and ||DUHL2(V)-

— By Garding’s inequality, we can control |Dul[z2(y) by [ul[z2(v) and
Blu,u] = (f,u)p2(v)-

— By Holder, we can control (f,u)z2(vy by || fllz2¢vy and [Jul|z2(v).

So it suffices to consider the case where L only has second derivatives. Fix
V € U and choose W such that V€ W € U. Take { € C2°(W) such that ( =1
onV.

Recall that our example of Laplace’s equation, we considered the integral
f f? dz and did some integration by parts. Essentially, what we did was to
apply the definition of a weak solution to Au. There we was lucky, and we could
obtain the result in one go. In general, we should consider the second derivatives
one by one.

For k € {1,...n}, we consider the function

v= A (CAM).
As we shall see, this is the correct way to express us, , in terms of difference
quotients (the —h in the first A,;h comes from the fact that we want to integrate
by parts). We shall put this into the definition of a weak solution to say
Blu,v] = (f,v). The plan is to isolate a [|A"Dul|s term on the left and then
bound it.
We first compute

Z/aum h2ar U)e, do
—Z/Aha Ug,) CAQU)M dz

-y / (rlaid Altuy, + (Al )ug, ) (AU, +20¢s, Alu) da
ij U

=A, + Ay,
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where

A= [ @ e @) B, do
— Ju
4.

Ay = Z/ [(AZaij)umCQAZumj +2C s, AZU(T,?aijAZuxi + (AZaij)uxi)] dz.
— Ju
J

By uniform ellipticity, we can bound

Ay > a/ E2|AMDul? dz.
U

This is what we want to be small.

Note that As looks scary, but every term either only involves “first derivatives”
of u, or a product of a second derivative of u with a first derivative. Thus, applying
Young’s inequality, we can bound |As| by a linear combination of |ARDu|? and
|Du|?, and we can make the coefficient of [A?Du|? as small as possible.

In detail, since a¥ € C'(U) and ( is supported in W, we can uniformly
bound a”,AZa”, Ce;» and we have

A <C [ [cIApDulDul + ¢IDul ALl + ¢IALDu] A da.
w

Now recall that ||Alu|| is bounded by [|Du||. So applying Young’s inequality, we
may bound (for a different C)

A <= [ ClaDuP 4 C [ Duf da.
w w
Thus, taking € = 37 it follows that

f,v) = Blu,v 29 A dz - C Dul|? dz.
k
2 Ju w

This is promising.
Tt now suffices to bound (f,v) from above. By Young’s inequality,

(Fo)l < [ 1A 0k do
<c [ 1D au) dz
< [Ip@atuP desc [ 17 do
<< [ 1A dz + C(If 3w + IDull o)
Setting € = g, we get
/U CIALDuR dz < CF 220, + IDulZ 0,

and so, in particular, we get a uniform bound on |[A}Dul z2(y). Now as before,
we can use Garding to get rid of the |[Dul[z2(w) dependence on the right. [
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Theorem (Elliptic regularity). If a®,b" and ¢ are C™*(U) for some m € N,
and f € H™(U), then u € H;"?(U) and for V€ W € U, we can estimate

HU||Hm+2(V) < C(”fHHm(W) + ||u||L2(W))'

In particular, if m is large enough, then u € C? _(U), and if all a¥,b’, ¢, f are
smooth, then u is also smooth.

Theorem (Boundary H? regularity). Assume a” € C'(U), b, c € L*>®(U), and
f € L3(U). Suppose u € H}(U) is a weak solution of Lu = f,u|sy = 0. Finally,
we assume that OU is C2. Then

lull 2wy < CUSflle2w) + llullze@y)-

If u is the unique weak solution, we can drop the [|u||z2(yy from the right hand
side.

Proof. Note that we already know that u is locally in HZ (U). So we only have
to show that the second-derivative is well-behaved near the boundary.
By a partition of unity and change of coordinates, we may assume we are in
the case
U = B:(0) N {z, > 0}.

Let V = BY2(0) N {x, > 0}. Choose a ¢ € C(B;(0)) with ¢ =1 on V and
0<¢<L
Most of the proof in the previous proof goes through, as long as we restrict
to
v=—A (P Aw)

with k& # n, since all the translations keep us within U, and hence are well-defined.
Thus, we control all second derivatives of the form D;D;u, where k €
{1,...,n — 1} and i € {1,...,n}. The only remaining second-derivative to
control is D, D, u. To understand this, we go back to the PDE and look at the
PDE itself. Recall that we know it holds pointwise almost everywhere, so

n

Z (aijuwi)zj + i biuxi +cu=f.

ij=1 i=1

So we can write a™uy, u,, = F almost everywhere, where F' depends on a, b, c, f
and all (up to) second derivatives of u that are not u,, ., . Thus, F' is controlled
in L?. But uniform ellipticity implies a™" is bounded away from 0. So we are
done. O
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5 Hyperbolic equations

Theorem (Uniqueness of weak solution). A weak solution, if exists, is unique.

Proof. Tt suffices to consider the case f = = ¢’ = 0, and show any solution
must be zero. Let

T
v(x,t) :/ e u(x, s) ds,
¢

where ) is a real number we will pick later. The point of introducing this e~
is that in general, we do not expect conservation of energy. There could be some
exponential growth in the energy, so want to suppress this.

Then this function belongs to H'(Ur), v = 0 on X7 U 9*Ur, and
vy = —e M.

Using the fact that u is a weak solution, we have

/ (utue)‘t - va]. vzie/\t + Z biumiv + (c—1Duv — vvte’\t> dz dt = 0.
Ur i

Integrating by parts, we can write this as A = B, where

d /1 » 1
A= =02 7/\t7§ i Vi At 2 Xt
/UT <dt < u-e a Vg, U ]6 2’1) e

+— ( 2 _’\t—i—Za”vxlvz ’\t—i—vze’\t)) dz dt

B = —/ (ekt Zaijvmvmj - Zb;iuv — Z bivwiu + (c— 1)1“;) dz dt.
Ur

Here A is the nice bit, which we can control, and B is the junk bit, which we
will show that we can absorb elsewhere.

Integrating the time derivative in A, using v = 0 on X7 and u = 0 on Xg, we
have

1 -
A= AT/ —u?d —‘r/ Uy v, +02) d
e ET2u T EOZ(@ Vg, Vg, + %) da

A
5/ ( 2 7)\t+za”vxlvrg /\t+v26)\t) da dt.
Ur

Using the uniform ellipticity condition (and the observation that the first line is
always non-negative), we can bound

A
A> 5/ (u267>‘t + 0|Dv[*eM + v2eM) dx dt.
Ur

Doing some integration by parts, we can also bound
BS E/ ( 2 —>\t+9|Dv|2 >\t+v2€)\t) dz dt
2 Ju,

where the constant ¢ does not depend on A. Taking this together, we have

A—c
2

/ (u?e ™ + 0|Dv[*eM + v?eM) dz dt < 0.
Ur

32



5 Hyperbolic equations IIT Analysis of PDEs (Theorems with proof)

Taking A > ¢, this tells us the integral must vanish. In particular, the integral of
u?eM = 0. Sou = 0. O

Theorem (Existence of weak solution). Given ¢ € H}(U) and ¢’ € L?(U),
f € L?(Ur), there exists a (unique) weak solution with

lull @y < CUIa @) + 1YLz @)y + 1fl2we))- (1)

Proof. We use Galerkin’s method. The way we write our equations suggests we
should think of our hyperbolic PDE as a second-order ODE taking values in the
infinite-dimensional space Hg(U). To apply the ODE theorems we know, we
project our equation onto a finite-dimensional subspace, and then take the limit.

First note that by density arguments, we may assume %, ¢’ € C°(U) and
f € C(Ur), as long as we prove the estimate (7). So let us do so.

Let {¢r}22, be an orthonormal basis for L?(U), with ¢, € H(U). For
example, we can take ¢y to be eigenfunctions of —A with Dirichlet boundary
conditions.

We shall consider “solutions” of the form

N
t) = ur(t)pr(@)
k=1

We want this to be a solution after projecting to the subspace spanned by
©1,...,on. Thus, we want (usy + Lu — f,01)r2(n,) = 0 for all k = 1,..., N.
After some integration by parts, we see that we want

(.‘N,QOk)Lz(U / (Zaiﬂu Ok)z +biu££§0k+6uN§0k) dz = (f, o) r2v)-
(%)

We also require

ur(0) = (¥, ¢x) 2(v)
uk(0) = (', r) L2 ()

Notice that if we have a genuine solution u that can be written as a finite sum
of the (), then these must be satisfied.

This is a system of ODEs for the functions u(t), and the RHS is uniformly
C' in t and linear in the u;’s. By Picard-Lindeldf, a solution exists for ¢ € [0, T].

So for each N, we have an approximate solution that solves the equation
when projected onto {p1,...,pn). What we need to do is to extract from this
solution a genuine weak solution. To do so, we need some estimates to show
that the functions u¥ converge.

We multiply (¥) by e *(t), sum over k = 1,..., N, and integrate from 0
to T € (0,T), and end up with

/ dt/ d:v N e*’\t+2a”u$7 Uy, +Zb’u Ky +cuNuN) A

_/OT dt/U du(fuye ).
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As before, we can rearrange this to get A = B, where

d 1
ij L N2 -t
A= /dtdx(dt< Eauxl Uy, + (u )e )
A (o N2 ij, N N Ny2) At
+2((u 2> atul el + (W) e )

and

B:/ dtdx( Za” Uy, x] Zblu N+ 1c)uNiLN+f11N)e)‘t.

Integrating in time, and estimating as before, for A\ sufficiently large, we get

;/E, ((ﬂN)2 4 |DuN‘2) dz+/(JT ((dN)Q + \DuN|2 i (uN)2> de dt

< CUEn @y + 1172y + I1F11E7)-

This, in particular, tells us 'V is bounded in H(Ur),
Since u™V (0) = Egil(w, ©k )Pk, we know this tends to ¢ in HY(U). So for
N large enough, we have

1™z g0y < 29 o)

Similarly, ||7:LN||L2(EO) S 2||’l/)/||L2(U).
Thus, we can extract a convergent subsequence u™N™ — vy in H(U) for some
u € HY(U) such that

lull g1y < CUIYNar @y + 1Ny + 1 fllz2@ey)-

For convenience, we may relabel the sequence so that in fact u” — u.
To check that u is a solution, suppose v = 22/1:1 vg (1) for some vy €
H'((0,T)) with vi(T) = 0. By definition of u”, we have

tZ]

Integrating fOT dt using v(T') = 0, we have

/ ( Uy vt—&—le ij—l—Zblu v—i—cuv) dxdt—/ uivvdx
Ur o

= fv dx dt.
Ur

Now note that if N > M, then on ulNv dr = on y'v dz. Now, passing to the
weak limit, we have

/ (_“tvt + Z aijuwi%j + Z biuziv + cuv) dz dt — P'v da
Ur

o

= fv dx dt.
Ur
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So uy satisfies the identity required for u to be a weak solution.
Now for k = 1,..., M, the map w € H'(Ur) on wepy, da is a bounded
linear map, since the trace is bounded in L2. So we conclude that

/ upp dz = lim / uN oy dz = (¥, 0x)12(1)-
So — )5,

Since this is true for all ¢y, it follows that u|s, = 1, and v of the form considered
are dense in H*(Uz) with v =0 on 0*Ur U 7. So we are done. O

Theorem. If a¥,b',c € C*(Ur) and dU € C?, then for ¢p € H?(U) and
Y € HY(U), and f, f; € L?*(Ur), we have

uw€ H*(Ur) N L>=((0,T); H*(U))
ug € L2((0,T), Hy(U))
uy € L((0,T); L*(U))

Proof. We return to the Galerkin approximation. Now by assumption, we have
a linear system with C? coefficients. So uy € C*((0,T)). Differentiating with
respect to ¢ (assuming as we can f, f; € C°(Ur)), we have

(83 7<Pk L2(U) / (Zaﬂu (pk —i—szuN(Pk‘FCU @k) dz
= (fror)r2w) — / (Za”u Or)e, + Y bul iSOk‘FC'USOk) dz.

Multiplying by dize~*', summing k = 1,..., N, integrating [ d¢, and recalling

we already control u € H'(Ur), we get

sup (|Jug’ llmr (s, + ||utt||L2 %)+ g |l 52(r))

te(0,T)
< C (Il e s + I 2oy + 18613 (50
+ 18 lam) + 1 llz2wn) + Millzzwn ).
We know N
up =0 = Z(W,wk)fﬂ(m@k
k=1

Since y, are a basis for H', we have

g |1 50y < 19 1 (-

To control uY, let us assume for convenience that in fact ¢y, are the eigenfunctions
—A. From the fact that

(i, or) 2 U)+/ > aul (er)e +Z b'ul prteuop dz dt = (f, k) 2v),

t'L]

integrate the first term in the integral by parts, multiply by i, and sum to get

gy =0 < CUluMzr2(z0) + 1|2 r) + I fell2wa))-
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We need to control [[u™||g2(sy) by ¥ m2(s,)- Then, using that Apgloy = 0
and u” is a finite sum of these ’s,

(AUN, AUN)Lz(EO) = (UN, AzuN)Lz(EO) = (’(/J, AQ'UJN)LQ(ZO) = (Aw, AUN)L2(EO).

So
[u | rr2(50) < 1AUY | L2(5) < CllWII5 (U).
Passing to the weak limit, we conclude that
u; € H' (Ur)
Ut € LOO((O7 T>7 Hé(U»
Ut € Loo((OaT)v 2(U))
Since uy + Lu = f, by an elliptic estimate on (almost) every constant ¢, we

obtain u € L>((0,T), H*(U)). O
Theorem. If o'/, b’ c € C*+1(Ur) and U is C**!, and

diuls, € Hy(U) i=0,...,k
O tuls, € LA(U)
Al f € L2((0,T); H*4(U)) i=0,...,k

then u € H**1(U) and
Opu € L=((0,T); HE174(U)

fori=0,...,k+ 1.
In particular, if everything is smooth, then we get a smooth solution.

Theorem. If u is a weak solution of the usual thing, and S’ is spacelike, then
u|p depends only on ¥|s,,¥’|s, and f|p.

Proof. Returning to the definition of a weak solution, we have

n n
/ —Upvy + Z aijuwjvxi + Z biux,i + cuv dz dt — P'vdr = fvdz dt.
Ur o

i,j=1 i=1 Ur

By linearity it suffices to show that if u|x, = 0 if ¥|s, = ¢'|s, = 0 and f|p = 0.
We take as test function

v(t x) _ { tr(r) e—Asu(s,JS) ds (t’x) cD
| (t,x) ¢ D’

One checks that this is in H'(Ur), and v = 0 on 7 U 9*Ur with

()
Uy, = Ta,e N u(w, T) —l—/ e Muy, (z,5) ds
t

vy = —e Mu(z, ).
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Plugging these into the definition of a weak solution, we argue as in the previous
uniqueness proof. Then

d /1 1
/ dt< e = g D 2”26M)
+ = ( 2e=A 4 ZGUULUI M+’l)26)\t) dz dt
= / (2 Zaijvwivxj eAt — Z bivxiv — (C — l)uv> dz dt
D

Noting that [,, dz dt = fSo dx fOT(m) dt, we can perform the ¢ integral of the %
term, and we get contribution from S’ which is given by

1
Ig :/ §u2(7(aﬁ),x e M) Za”rxi%u e | da
So

We have used v = 0 on S’ and v,, = 7,,ue~*". Using the definition of a spacelike
surface, we have Is: > 0. The rest of the argument of the uniqueness of solutions
goes through to conclude that u =0 on D. O
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