Part IIT — Differential Geometry

Theorems with proof

Based on lectures by J. A. Ross
Notes taken by Dexter Chua

Michaelmas 2016

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

This course is intended as an introduction to modern differential geometry. It can be
taken with a view to further studies in Geometry and Topology and should also be
suitable as a supplementary course if your main interests are, for instance in Analysis
or Mathematical Physics. A tentative syllabus is as follows.

e Local Analysis and Differential Manifolds. Definition and examples of manifolds,
smooth maps. Tangent vectors and vector fields, tangent bundle. Geometric
consequences of the implicit function theorem, submanifolds. Lie Groups.

e Vector Bundles. Structure group. The example of Hopf bundle. Bundle mor-
phisms and automorphisms. Exterior algebra of differential forms. Tensors.
Symplectic forms. Orientability of manifolds. Partitions of unity and integration
on manifolds, Stokes Theorem; de Rham cohomology. Lie derivative of tensors.
Connections on vector bundles and covariant derivatives: covariant exterior
derivative, curvature. Bianchi identity.

e Riemannian Geometry. Connections on the tangent bundle, torsion. Bianchi’s
identities for torsion free connections. Riemannian metrics, Levi-Civita con-

nection, Christoffel symbols, geodesics. Riemannian curvature tensor and its
symmetries, second Bianchi identity, sectional curvatures.

Pre-requisites

An essential pre-requisite is a working knowledge of linear algebra (including bilinear
forms) and multivariate calculus (e.g. differentiation and Taylor’s theorem in several
variables). Exposure to some of the ideas of classical differential geometry might also
be useful.
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1 Manifolds

1.1 Manifolds

Lemma. If (U,,ps) and (Us, ¢g) are charts in some atlas, and f : M — R,
then fo g1 is smooth at ¢, (p) if and only if f o @El is smooth at ¢g(p) for all
peUy,N U[g.
Proof. We have

fogpglt=Fop lo(paowsh). O
Lemma. Let M be a manifold, and ¢, : U; — R™ and @5 : Uy — R™ be charts.
If Uy NUy # 0, then n = m.
Proof. We know

105" 1 pa(Ur NUz) — ¢1(Uy N Us)

is a smooth map with inverse pap; !, So the derivative

D(p1903 ) (¢2(p)) : R™ — R”

is a linear isomorphism, whenever p € Uy N Us. So n = m. O

1.2 Smooth functions and derivatives

Lemma. 8i
T

AN 6% is a basis of T,R™. So these are all the derivations.
P ™ lp

Proof. Independence is clear as

We need to show spanning. For notational convenience, we wlog take p = 0. Let
X e THR™.

We first show that if g € C*°(U) is the constant function g = 1, then
X (g) = 0. Indeed, we have

X(9) = X(g°) = 9(0)X(9) + X (9)g(0) = 2X (g).

Thus, if h is any constant function, say, ¢, then X (h) = X (cg) = ¢X(g). So the
derivative of any constant function vanishes.
In general, let f € C°°(U). By Taylor’s theorem, we have

= O

i

T; + €,
0

where ¢ is a sum of terms of the form x;x;h with h € C>(U).
We set A\; = X (x;) € R. We first claim that X (g) = 0. Indeed, we have

So we have
X(f) = Z Ai 5'7:171 . .
=1
So we have
“ 0
X = i . O
; &rz 0
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Proposition (Chain rule). Let M, N, P be manifolds, and F' € C>*(M,N),
G € C®°(N,P),and p € M,q = F(p). Then we have

D(Go F)|, = DG|, o DF],.
Proof. Let h € C>°(P) and X € T,M. We have
DG|,(DF|,(X))(h) =DF|,(X)(hoG) = X(hoGoF) =D(Go F)|,(X)(h). O

Corollary. If F is a diffeomorphism, then DF|, is a linear isomorphism, and
(DF[p)~" =D(EFE|rep)-

Lemma. We have

PFly <' ) Z 5@% 0y]

In other words, DF'|, has matrix representation

(32:),,

0 " 0
DF'p(m )Z%yj
P j=1 q

for some A;. We apply this to the local function y, to obtain

G 0
DN
j=1 Oy q

q

Proof. We let

Ak (yx)

(2] )
- o)

- ai p(F’“)

) =

1.3 Bump functions and partitions of unity

Lemma. Suppose W C M is a coordinate chart with p € W. Then there is an
open neighbourhood V' of p such that V' C W and an X € C°°(M,R) such that
X=1lonVand X =0on M\ W.

Proof. Suppose we have coordinates x1,--- ,x, on W. We wlog suppose these
are defined for all |z| < 3.
We define «, 3,7 : R — R by

2
alt) = e t>0.
0 t<0
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Y

We now let

SURTOERTEEDY

Y

Then we let
v(t) = B(t+2)B(2—1).

Y

Finally, we let
X(wy,--ywn) = y(@1) - y(wn).
on W. We let
V={x:|z;| <1}.
Extending X to be identically 0 on M \ W to get the desired smooth function

(up to some constant). O

Lemma. Let p € W C U and W, U open. Let fi, fo € C*°(U) be such that
fi=faon W. If X € Der,(C>(U)), then we have X(f1) = X(f2)

Proof. Set h = f1 — fo. We can wlog assume that W is a coordinate chart. We
pick a bump function x € C*°(U) that vanishes outside W. Then xh = 0. Then
we have

0= X(xh) =x()X(h) +h(p)X(x) =X)+0=X(f1) - X(f2). O
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Theorem. Given any {U,} open cover, there exists a partition of unity subor-
dinate to {U,}.

Proof. We will only do the case where M is compact. Given p € M, there exists
a coordinate chart p € V,, and a(p) such that V,, C U,(,). We pick a bump
function x, € C*°(M,R) such that x, = 1 on a neighbourhood W, C V,, of p.
Then supp(xp) € Ua(p)-

Now by compactness, there are some pq,--- ,pn such that M is covered by
Wp, U---UW,,. Now let

Pa = Z Xpi+
ia(py)=a
Then by construction, we have
supp(Pa) € Ua-

Also, by construction, we know > ¢, > 0. Finally, we let

o = =2 O
2[3%05

1.4 Submanifolds

Lemma. If S is an embedded submanifold of M, then there exists a unique
differential structure on S such that the inclusion map ¢ : S < M is smooth and
S inherits the subspace topology.

Proof. Basically if 1, --- ,x, is a slice chart for S in M, then x1,--- , xy will be
coordinates on S.
More precisely, let m : R™ — R* be the projection map

7T(a31,"' 7x’r7,) = (1'1,"' axk)~

Given a slice chart (U, ¢) for S in M, consider ¢ : SNU — R* by ¢ = moy. This

is smooth and bijective, and is so a chart on S. These cover S by assumption.
So we only have to check that the transition functions are smooth.

Given another slice chart (V) for S in M, we let £ = w0 &, and check that

F 1

§og :

=mofop o],
where j : RF — R" is given by j(z1, -+ ,2x) = (z1,- - , 2%, 0, ,0).

From this characterization, by looking at local charts, it is clear that S has
the subspace topology. It is then easy to see that the embedded submanifold is
Hausdorff and second-countable, since these properties are preserved by taking
subspaces.

We can also check easily that ¢ : S < M is smooth, and this is the only
differential structure with this property. O

Proposition. Let S be an embedded submanifold. Then the derivative of the
inclusion map ¢ : S — M is injective.

Proposition. Let F' € C*°(M,N), and let ¢ € N. Suppose c is a regular value.
Then S = F~!(c) is an embedded submanifold of dimension dim M — dim N.
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Proof. We let n = dim M and m = dim N. Notice that for the map DF to be
surjective, we must have n > m.

Let p € S, so F(p) = ¢. We want to find a slice coordinate for S near p.
Since the problem is local, by restricting to local coordinate charts, we may wlog
assume N =R™ M =R"” and c=p=0.

Thus, we have a smooth map F' : R®™ — R™ with surjective derivative at 0.

Then (he derivati\/e iS
a bl
Xi 0/ i= seeam;j=1,...om

which by assumption has rank m. We reorder the z; so that the first m columns
are independent. Then the m x m matrix

R <8Fj )
0/ i,j=1,...m

al‘i
a(xla"' axn) = (Fla"' 7Fmaxm+1a"' 7xn)-

R
DCM|0= (0 ;) 5

and this is non-singular. By the inverse function theorem, « is a local diffeomor-
phism. So there is an open W C R™ containing 0 such that o|w : W — (W) is
smooth with smooth inverse. We claim that « is a slice chart of S in R".

Since it is a smooth diffeomorphism, it is certainly a chart. Moreover, by
construction, the points in S are exactly those whose image under F' have the
first m coordinates vanish. So this is the desired slice chart. O

is non-singular. We consider the map

We then obtain
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2 Vector fields

2.1 The tangent bundle
Lemma. The charts actually make T'M into a manifold.

Proof. If (V,£) is another chart on M with coordinates y1,- - ,yn, then

n

=Y ) o

P Jj=1 ay‘]

0
8£CZ'

p
So we have £0 ™! : (U NV) x R* = £(UNV) x R” given by

n n
- Z oy Z dy
~71 e DRI . ... . n
50@ (5617"'711771,0417"'70171)<y17 ayn7‘ 1alaxi7 a- 10%8.'177; )
1= 1=

and is smooth (and in fact fiberwise linear).
It is easy to check that T'M is Hausdorff and second countable as M is. [

Lemma. The map X +— X is an R-linear isomorphism
T : Vect(M) — Der(C*(M)).
Proof. Suppose that « is a derivation. If p € M, we define

Xp(f) = a(H)(p)

for all f € C°°(M). This is certainly a linear map, and we have

Xp(f9) = a(f9)(p) = (falg) + ga(f)(p) = F(p)Xp(9) + 9(p) X, (f)-

So X, € T,M. We just need to check that the map M — T'M sending p — X,
is smooth. Locally on M, we have coordinates z1,--- ,x,, and we can write

" 0
Xp - Zaz(p) oL
i=1 ¢

P
We want to show that «; : U — R are smooth.

We pick a bump function ¢ that is identically 1 near p, with suppy C U.
Consider the function x; € C°°(M). We can then consider

a(px;)(p) = Xp(pz;).

As @x; is just z; near p, by properties of derivations, we know this is just equal
to ;. So we have

a(pr;) = aj.

So «a; is smooth. O



2 Vector fields IIT Differential Geometry (Theorems with proof)

2.2 Flows

Theorem (Fundamental theorem on ODEs). Let U C R™ be open and a: U —
R™ smooth. Pick t; € R.
Consider the ODE

Fi(t) = ai(v(t))
vi(to) = ¢i,

where ¢ = (¢, -+ ,c,) € R™
Then there exists an open interval I containing ¢y and an open Uy C U such
that for every c € Uy, there is a smooth solution 7. : I — U satisfying the ODE.
Moreover, any two solutions agree on a common domain, and the function
O : I x Uy — U defined by O(t,c) = 7.(t) is smooth (in both variables).

Theorem (Existence of integral curves). Let X € Vect(M) and p € M. Then
there exists some open interval I C R with 0 € I and an integral curve v : I — M
for X with v(0) = p.

Moreover, if 7 : I — M is another integral curve for X, and 4(0) = p, then
Y=~onlInN I.

Proof. Pick local coordinates for M centered at p in an open neighbourhood U.

So locally we write
" 0
X = N
; aZ axz 7

where a; € C°(U). We want to find v = (y1,- -+ ,7n) : I — U such that

- 0
/

Since the 6%1_ form a basis, this is equivalent to saying

; ’)/2(0) =0.
v(t)

= 0
= >t 5

Y1) =1

7i(t) = ai(v(t)), 7(0)=0

for all - and t € I.

By the general theory of ordinary differential equations, there is an interval
I and a solution «, and any two solutions agree on their common domain.

However, we need to do a bit more for uniqueness, since all we know is that
there is a unique integral curve lying in this particular chart. It might be that
there are integral curves that do wild things when they leave the chart.

So suppose v : I — M and 7 : I — M are both integral curves passing
through the same point, i.e. v(0) = 5(0) = p.

We let ~

J={teInl:~v(t)=4()}.

This is non-empty since 0 € J, and J is closed since v and 7 are continuous. To
show it is all of TN I, we only have to show it is open, since I N I is connected.

So let tg € J, and consider ¢ = y(tp). Then v and 74 are integral curves of X
passing through g. So by the first part, they agree on some neighbourhood of ;.
So J is open. So done. O

10
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Theorem. Let M be a manifold and X a complete vector field on M. Define
O;:Rx M — M by
O:(p) = (1),

where 7, is the maximal integral curve of X through p with v(0) = p. Then ©
is a function smooth in p and ¢, and

B¢ =1id, ©;00, =04,

Proof. This follows from uniqueness of integral curves and smooth dependence
on initial conditions of ODEs. O

Theorem. Let M be a manifold, and X € Vect(M). Define
D={(t,p) eRx M :tel,}.
In other words, this is the set of all (¢, p) such that 7, (t) exists. We set

0:(p) = O(t,p) = (1)
for all (¢,p) € D. Then
(i) D is open and © : D — M is smooth
(ii) ©(0,p) =p for all p e M.

(iii) If (t,p) € D and (¢,0(s,p)) € D, then (s+t,p) € D and O(t,0(s,p)) =
O(t+ s,p).

(iv) For any ¢t € R, the set My : {p € M : (¢t,p) € D} is open in M, and
@t : Mt — M_t
is a diffeomorphism with inverse ©_;.

Proposition. Let M be a compact manifold. Then any X € Vect(M) is
complete.

Proof. Recall that
D = {(t,p) : ©+(p) is defined}

is open. So given p € M, there is some open neighbourhood U C M of p and an
e > 0 such that (—e,e) x U C D. By compactness, we can find finitely many
such U that cover M, and find a small € such that (—e,e) x M C D.

In other words, we know O;(p) exists and p € M and |t| < e. Also, we
know O 0 O4 = Oy whenever [t|, |s| < ¢, and in particular O, 4 is defined. So
Ont = (6;)" is defined for all N and |t| < &, so Oy is defined for all . O

2.3 Lie derivative

Lemma. Lx(g) = X(g). In particular, Lx(g) € C*°(M,R).

11
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Proof.

Lx (o)) = 3

d

e t:Og(@t(p))

dgl,(X(p))

= X(9)(p). O

0;(9)(p)

t=0

Lemma. We have
LxY =[X,Y].

Proof. Let g € C*°(M,R). Then we have
6;(¥)(g00,) = Y(g)0 O,

We now look at

0i(¥V)(g) —¥(g) _ ©i(¥)(g) = 6i(Y)(goO:)  Y(g)0O:=Y¥(g)
t t t
at Bt

We have
lim 3, = Lx(Y(g)) = XY (9)

by the previous lemma, and we have

fiy oo = (@7 () (£42%) —¥(-Lxlg) = -VX(@): O
Corollary. Let X,Y € Vect(M) and f € C*°(M,R). Then
() Lx(FY) = Lx (Y + FLxY = X()Y + fLxY
(i) LxY = Ly X

(i) £x[Y, 2] = [£xY, 2] + [V, £x 7]

Proof. Immediate from the properties of the Lie bracket. O

12
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3 Lie groups
Lemma. Given £ € T.G, we let
Xely = DL,L.(€) € T, (G).
Then the map T,G — Vect”(G) by & — X¢ is an isomorphism of vector spaces.

Proof. The inverse is given by X — X|.. The only thing to check is that X,
actually is a left invariant vector field. The left invariant part follows from

DLh|g(Xf|g) = DLh‘g(DLg|e(§)) = Dth|e(§) = X§|h9~

To check that X, is smooth, suppose f € C*°(U,R), where U is open and
contains e. We let v : (—e,e) — U be smooth with 4(0) =£&. So

Xefly = DLy(€)(f) = €(fo L) = | (foLyo0m)

o dtf,
But as (t,9) — f o Ly o(t) is smooth, it follows that X¢f is smooth. So
X¢ € Vect™(G). O

Lemma. Let G be an abelian Lie group. Then the bracket of g vanishes.

Proposition. Let G be a Lie group and £ € g. Then the integral curve «y for X,
through e € G exists for all time, and v : R — G is a Lie group homomorphism.

Proof. Let v : I — G be a maximal integral curve of X¢, say (—¢,¢) € I. We fix
a to with [tg| < €. Consider go = y(to)-
We let
7(t) = Lgy (v(1))
for |t] < e.
We claim that 4 is an integral curve of X, with 4(0) = go. Indeed, we have

Yt 907 (t) = DLy, ¥(t) = DLy Xe|y (1) = Xelgornt) = Xelyo)-

=_L
dt

By patching these together, we know (tg — &,to +¢) C I. Since we have a fixed
¢ that works for all g, it follows that I = R.

The fact that this is a Lie group homomorphism follows from general proper-
ties of flow maps. O

Proposition.
(i) exp is a smooth map.

(ii) If F(t) = exp(t€), then F : R — G is a Lie group homomorphism and
DFlo () =&
0 \at

(iii) The derivative
Dexp: Tog=g—>T.G=g

is the identity map.

(iv) exp is a local diffeomorphism around 0 € g, i.e. there exists an open U C g
containing 0 such that exp : U — exp(U) is a diffeomorphism.

13
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(v) exp is natural, i.e. if f: G — H is a Lie group homomorphism, then the
diagram

g—>G

Dfle lf

h —

commutes.
Proof.
(i) This is the smoothness of ODEs with respect to parameters
(ii) Exercise.

(iii) If € € g, we let o(t) =t&. So 5(0) =& € Tog = g. So

. d d
Dexplo(§) = Dexplo(6(0)) = | explo(t) = | exp(te) = Xel. =
t=0 t=0
(iv) Follows from above by inverse function theorem.
(v) Exercise. O

Theorem. If h C g is a subalgebra, then there exists a unique connected Lie
subgroup H C G such that Lie(H) = b.

Theorem. Let g be a finite-dimensional Lie algebra. Then there exists a (unique)
simply-connected Lie group G with Lie algebra g.

Theorem. Let G, H be Lie groups with G simply connected. Then every Lie
algebra homomorphism g — b lifts to a Lie group homomorphism G — H.

14
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4 Vector bundles

4.1 Tensors

Lemma. Tensor products exist (and are unique up to isomorphism) for all pairs
of finite-dimensional vector spaces.

Proof. We can construct V@ W = Bilin(V x W, R)*. The verification is left as
an exercise on the example sheet. O

Proposition. Given maps f : V — W and g : V' — W', we obtain a map
fRg: VeV — W ®W’' given by the bilinear map

(f ® g)(v,w) = f(v) ® g(w).
Lemma. Given v,v; € V and w,w; € W and \; € R, we have

()\11)1 + )\2’02) R w = A\ (’Ul ® w) + )\2(’02 X w)
VR ()\111)1 + )\QU)Q) = )\1(’[] (9 U}l) + )\2(’1) ® wg).

Proof. Immediate from the definition of bilinear map. O
Lemma. If vy,---,v, is a basis for V, and w1y, -- ,w,, is a basis for W, then
{viow;:i=1,--- ,n;j=1,---,m}

is a basis for V' ® W. In particular, dmV @ W = dimV x dim W.
Proof. We have V @ W = Bilin(V x W,R)*. We let apq : V X W — R be given

by
Qpq (Z ;i Vs, Z bjwj> = apby.

Then ay,, € Bilin(V x W,R), and (v; ® w;) are dual to ayge. So it suffices to
show that oy, are a basis. It is clear that they are independent, and any bilinear
map can be written as

o= Z CpqQpq;

Cpg = a(vp, Wg).

So done. O

where

Proposition. For any vector spaces V, W, U, we have (natural) isomorphisms
HVeW=weV
i) (VewW)eU=Ve(WeU)
(iii) (VeoW)* 2V w*
Lemma.
(i) fae APV and € A7V, then a A S = (—1)PIG A o
(ii) If dimV = n and p > n, then we have

dim A’V =1, dimA"V =1, APV = {0}.

15
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(iii) The multilinear map det : V' x --- x V — R spans A"V.
(iv) If vy,--- , v, is a basis for V, then
{vig Ao A, i < -0 <}

is a basis for APV,

Proof.

(i) We clearly have v Av =0. So
VAW =—wAv
Then
(Vi A Avp) A(wr A Awg) = (D)Pwg Ao~ Awg Avr A= Ay
since we have pg swaps. Since
{viy Ao A, g, iy € {1, ,n}} C APV

spans APV (by the corresponding result for tensor products), the result
follows from linearity.

(ii) Exercise.
(iii) The det map is non-zero. So it follows from the above.

(iv) We know that
{vig Ao Ay, g, iy € {1,000 n}} C APV

spans, but they are not independent since there is a lot of redundancy (e.g.
v1 Avg = —vg Avy). By requiring iy < --- < ip, then we obtain a unique
copy for combination.

To check independence, we write I = (i1,--- ,4,) and let vf = vy, A---Av;,.
Then suppose
Z ajvr = 0
I

for ar € R. For each I, we let J be the multi-index J = {1,--- ,n} \ I. So
if I #1I', then vy Avy = 0. So wedging with v gives

E apvpy ANvy =ajvr Avy = 0.
I/

So ar = 0. So done by (ii). O

Lemma. Let F : V — V be a linear map. Then A"F : A"V — A"V is
multiplication by det F'.

16
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Proof. Let vy, -+ ,v, be a basis. Then A"V is spanned by v1 A --- A v,. So we
have
(A"F)(or A= Avg) = Ao A Ay

for some \. Write

F(’l)z) = Z Ajﬂ)j
J

for some Aj; € R, i.e. A is the matrix representation of £'. Then we have

(A"F)(vy A--- Awy) = (Z Ajlvj) A A (Z Ajnvj)

If we expand the thing on the right, a lot of things die. The only things that
live are those where we get each of v; once in the wedges in some order. Then
this becomes

Z £(0) (A1  Agm)n)V1 A== Avy = det(F)vg A=+ Ay,
oeSy

where (o) is the sign of the permutation, which comes from rearranging the v;
to the right order. O

4.2 Vector bundles
Proposition. We have the following equalities whenever everything is defined:
(i) Paa =id
(1) Yap = Ppa
(iil) papPsy = Pavy, Where @agpsy is pointwise matrix multiplication.
These are known as the cocycle conditions.

Proposition (Vector bundle construction). Suppose that for each p € M, we
have a vector space E,. We set

E=JE,
p
We let 7 : E — M be given by 7 (v,) = p for v, € E,. Suppose there is an open
cover {U,} of open sets of M such that for each «, we have maps
to : Bly, =7 (Uy) = Uy x R”

over U, that induce fiberwise linear isomorphisms. Suppose the transition
functions ¢, are smooth. Then there exists a unique smooth structure on E
making 7 : F — M a vector bundle such that the t, are trivializations for F.

Proof. The same as the case for the tangent bundle. O

17
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5 Differential forms and de Rham cohomology

5.1 Differential forms
Theorem (Exterior derivative). There exists a unique linear map
d=dpyp: QM) — QP M)
such that
(i) On Q°(M) this is as previously defined, i.e.
df(X) = X(f) for all X € Vect(M).
(ii) We have
dod=0:Q"(M)— Q"F?(M).
(iii) It satisfies the Leibniz rule

dlwAo)=dwA o+ (—1)Pw Ado.

It follows from these assumptions that

(iv) d acts locally, i.e. if w,w’ € QP(M) satisty w|y = w'|y for some U C M
open, then dw|y = dw’|y.
(v) We have
d(wlv) = (dw)|u
forallU C M.
Proof. The above computations suggest that in local coordinates, the axioms
already tell use completely how d works. So we just work locally and see that
they match up globally.

Suppose M is covered by a single chart with coordinates x1,--- ,x,. We
define d : Q°(M) — Q'(M) as required by (i). For p > 0, we define

.....

Then (i) is clear. For (iii), we suppose

w=fdzr € QP(M)
oc=gdz; € QI(M).

We then have

dwAo)=d(fg da; Aday)
=d(fg) ANdxy Aday
=gdf ANdey Adxy+ fdg Adaer Adzy
=gdf Adxy Aday+ f(—1)P deg A (dg Aday)
= (dw) Ao + (—1)’w A do.
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5 Differential forms and de Rhddiffenbotivd/dggometry (Theorems with proof)

So done. Finally, for (ii), if f € Q°(M), then

of 0% f
d*f=d —dz; | = dz; Adz; =0,
! ( 7 Owi ’ ) ZZJ: 00z R
since partial derivatives commute. Then for general forms, we have

Q2w = 4?2 (Z wr dx,) —q (Z dwr A da:I)

a (> dwr Adas, A+ nda,)
0

using Leibniz rule. So this works.
Certainly this has the extra properties. To claim uniqueness, if 9 : QP (M) —
QOPFTL(M) satisfies the above properties, then

ow =0 (3 widar )
- Zawl ANdz; +wr A ddzy
= Zdw; ANdzy,

using the fact that @ = d on Q°(M) and induction.

Finally, if M is covered by charts, we can define d : QP(M) — QP+1(M) by
defining it to be the d above on any single chart. Then uniqueness implies this is
well-defined. This gives existence of d, but doesn’t immediately give uniqueness,
since we only proved local uniqueness.

So suppose 9 : QP (M) — QPL(M) again satisfies the three properties. We
claim that 9 is local. We let w,w’ € QP(M) be such that w|y = w'|y for some
U C M open. Let z € U, and pick a bump function x € C*°(M) such that
X = 1 on some neighbourhood W of z, and supp(x) C U. Then we have

X (w—w")=0.
We then apply 0 to get
0=0(x(w—w)) =dxy A (w—w)+ x(Ow — ).
But x =1 on W. So dx vanishes on W. So we must have
dw|w — 0w'|lw = 0.

So dw = 0w’ on W.
Finally, to show that 9 = d, if w € QP(M), we take the same x as before,
and then on x, we have

Oow :8(X2w1 dx1>
zaxzwj dxz—i-xz:@w[/\dx[
:XZdW] ANdxr

= dw.

So we get uniqueness. Since x was arbitrary, we have 0 = d. O
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Lemma. Let F' € C*°(M, N). Let F* be the associated pullback map. Then
(i) F* is a linear map QP(N) — QP(M).

(ii) F*(wAo)=F*wA F*o.

(iii) If G € C*°(N, P), then (Go F)* = F* o G*.

(iv)
Proof. All but (iv) are clear. We first check that this holds for 0 forms. If
g € Q°(N), then we have

(F*dg)s(v) = dg|p(a)(DF | (v))
=DF[:(v)(9)

—vwoF

=d(go F

= d(F

We have dF* = F*d.

)
)(v)
9)(v)-

So we are done.
Then the general result follows from (i) and (ii). Indeed, in local coordinates

Y1 3 Yns if
W:Zwil ..... i AYiy Ao Adys,,

then we have
Fro=> (Fwi, ) (Fdy, A Adyi,).
Then we have

dF*w=F*dw =Y (F*dw;,, ;) (F*dy;, A---Ady;,). O

5.2 De Rham cohomology

Proposition.

(i) Let M have k connected components. Then
Hig (M) =R".

(ii) If p > dim M, then HY (M) = 0.

(iii) If F € C°°(M,N), then this induces a map F* : Hip (N) — HYp (M)
given by
F*lw] = [F*w].

(iv) (FoG)* =G*o F*.
(v) If F: M — N is a diffeomorphism, then F* : Hi, (N) — Hiz (M) is an

isomorphism.

Proof.
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(i) We have
Hir(M) = {f € C*(M,R) : df =0}

= {locally constant functions f}

_ Rnumber of connected components

(ii) If p > dim M, then all p-forms are trivial.

(iii) We first show that F*w indeed represents some member of Hip (M). Let
[w] € Hiz (N). Then dw = 0. So

d(F*w) = F*(dw) = 0.

So [F*w] € Hiz (M). So this map makes sense.

To see it is well-defined, if [w] = [w'], then w — w’ = do for some o. So
F*w— F*w' = d(F*0). So [F*w] = [F*w'].

(iv) Follows from the corresponding fact for pullback of differential forms.
(v) If F~1is an inverse to F', then (F~1)* is an inverse to F’* by above. [

Theorem (Homotopy invariance). Let Fy, F; be homotopic maps. Then F} =
F{ + Hip(N) — Hig (M).

Proof. Let F :[0,1] x M — N be the homotopy, and
Fi(z) = F(t,x).

We denote the exterior derivative on M by dps (and similarly dy), and that on
[0,1] x M by d.
Let w € QP(N) be such that dyw = 0. We let ¢ be the coordinate on [0, 1].
We write
F*w=0c+dt A,

where 0 = o(t) € QP(M) and v = () € QP~1(M). We claim that
o(t) = Fjw.
Indeed, we let ¢ : {t} x M — [0,1] x M be the inclusion. Then we have

Fiolpyxm = (Fou)'w=1"F'w
=" (c+dt A7)
o+ dE Ay

=1%o,
using the fact that *dt = 0. As dyw = 0, we have
0= F*de
=dF*w
=d(c+dtAy)

»0o

ot

=dyo + (_1)p% Adt + (—1)p71dM’Y A dt.

=dp(o)+ (1) Adt + dt A dpy
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Looking at the dt components, we have

Oo
— =dpn.
ot MY
So we have

1

1 1
Fiw—Fiw=0(1) —0(0) z(;dt:/o dM’ydt:dM/O ~(t) dt.

0

So we know that
[Ffw] = [Fyw].

So done. O

Corollary (Poincaré lemma). Let U C R™ be open and star-shaped. Suppose
w € QP(U) is such that dw = 0. Then there is some o € QP~1(M) such that
w =do.

Proof. HY(U) =0 for p > 1.

O

IR

Corollary. If M and N are smoothly homotopy equivalent, then HE, (M)
Hig(N).
5.3 Homological algebra and Mayer-Vietoris theorem

Proposition. A cochain map induces a well-defined homomorphism on the
cohomology groups.

Theorem (Snake lemma). Suppose we have a short exact sequence of complexes

0 A B 1, 0,
i.e. the 7, ¢ are cochain maps and we have a short exact sequence

p

Br L cr 0,

P

0 AP

for each p.
Then there are maps

§:HP(C') — HPH(A')

such that there is a long exact sequence

L HP(AY) — s HP(BY) — s HP(CY)

HPHL(A") i HP+Y(B") a » HPH1(C) S .

Theorem (Mayer-Vietoris theorem). Let M be a manifold, and M = U UV,
where U,V are open. We denote the inclusion maps as follows:

unv 4.y

L)
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Then there exists a natural linear map

§: HE (UNV) — HYA (M)
such that the following sequence is exact:
Ji®3is

HE (M) 222, g (U) @ HE (V) 222 HEL (UAV)

6 .

J1 @iz Hg;l(U) @Hg;{l(‘/) 11—

Hig' (M)
Proof of Mayer-Vietoris. By the snake lemma, it suffices to prove that the
following sequence is exact for all p:

0 —— WuV) 2 oy s o) L5 runv) —— 0

It is clear that the two maps compose to 0, and the first map is injective. By
counting dimensions, it suffices to show that i — i3 is surjective.

Indeed, let {pu,pv} be partitions of unity subordinate to {U,V}. Let
we PUNV). We set oy € QP(U) to be

o pyw onUNV
~]o on U \ supp py

Similarly, we define oy € QP(V) by

—ppw onUNV
oy = .
0 on V' \ supp ¢u

Then we have
. e
oy —isov = (pyw + yw)|uny = w.

So i — i34 is surjective. O
17 %
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6 Integration

6.1 Orientation

6.2 Integration

Lemma. Let F': D — E be a smooth map between domains of integration in
R™, and assume that F'|; : D — E is an orientation-preserving diffeomorphism.

Then
/w:/ Fw.
E D

Proof. Suppose we have coordinates z1,--- ,z, on D and y1,--- ,y, on E. Write

w=fdy; A ANdyp.

/w:/ fdyr---dy,
E E

:/(fOF)|detDF| day - -day,
D

Then we have

—/(foF)detDFdx1~-~dxn

b
:/F*w.
D

Here we used the fact that | det DF'| = det DF because F is orientation-preserving.
O

Lemma. This is well-defined, i.e. it is independent of cover and partition of
unity.

Theorem. Given a parametrization {S;} of M and an w € Q™ (M) with compact

support, we have
w = Fruw.
Le=2 ], m

Proof. By using partitions of unity, we may consider the case where w has
support in a single chart, and thus we may wlog assume we are working on R",
and then the result is obvious. O

Lemma. Let M be an oriented manifold, and g a Riemannian metric on M.
Then there is a unique w € Q™ (M) such that for all p, if e, - - , e, is an oriented
orthonormal basis of T, M, then

w(er, - ,en) =1.
We call this the Riemannian volume form, written dVj,.

Proof. Uniqueness is clear, since if w’ is another, then w, = A\wj, for some \, and
evaluating on an orthonormal basis shows that A = 1.
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To see existence, let o be any nowhere vanishing n-form giving the orientation
of M. On a small set U, pick a frame sy, -+ , s, for TM|y and apply the Gram-
Schmidt process to obtain an orthonormal frame eq,--- , e,, which we may wlog
assume is oriented. Then we set

f = 0(617"' >en)a

which is non-vanishing because ¢ is nowhere vanishing. Then set

W= —.

f

This proves existence locally, and can be patched together globally by uniqueness.
O

6.3 Stokes Theorem

Proposition. Let M be a manifold with boundary. Then Int(M) and OM are
naturally manifolds, with

dim OM = dimInt M — 1.

Lemma. Let p € OM, say p € U C M where (U, ¢) is a chart (with boundary).

Then
1o}

dxy

0

" Oz,

)
p p

is a basis for T, M. In particular, dim T, M = n.

Proof. Since this is a local thing, it suffices to prove it for M = H". We write
C*®(H,R) for the functions f : H" — R" that extend smoothly to an open
neighbourhood of H"™. We fix a € OH". Then by definition, we have

T, H" = Der,(C*(H",R)).
We let i, : T,H" — T,R"™ be given by

i(X)(9) = X (glun)

We claim that i, is an isomorphism. For injectivity, suppose i,(X) = 0. If
f € C°(H™), then f extends to a smooth g on some neighbourhood U of H™.
Then

X(f) = X(glur) = ix(X)(g) = 0.

So X(f) =0 for all f. Then X = 0. So i, is injective.
To see surjectivity, let Y € T,R"™, and let X € T,H" be defined by

X(f)=Y(9),
where g € C°(H",R) is any extension of f to U. To see this is well-defined, we
let
- 0
Y=Y o
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Then

V(o)=Y aigta),

which only depends on g|gn, i.e. f. So X is a well-defined element of T, H", and
i+(X) =Y by construction. So done. O

Theorem (Stokes’ theorem). Let M be an oriented manifold with boundary of
dimension n. Then if w € Q"~1(M) has compact support, then

/dw:/ w.
M oM

In particular, if M has no boundary, then

/dsz
M

Proof. We first do the case where M = H"™. Then we have
szwi dzl/\---/\g&:\i/\---/\dxn,
i=1

where w; is compactly supported, and the hat denotes omission. So we have
dw = "dw;i Aday Ao Adag A Aday,
i

dw; —
:Zldxi/\dxlA---/\dxiA---/\dmn
3 (9331

= Z(—l)i_lg:}l:dxl A Adz; A--- Aday,

Let’s say
supp(w) = {z; € [-R,R]: j =1,--- ,n— Lz, € [0, R} = A.

Then suppose ¢ # n. Then we have

Ows
Yidgr A Adzi A Aday,
H» ail
Ow;
= wdx1~-~dmn
4 Or;

R /R R /R )
:/ / / aw'dxl---d;vn
—-RJ-R _rJo Ox;

By Fubini’s theorem, we can integrate this in any order. We integrate with
respect to dz; first. So this is

R R /R R ) -
::I:/ / / (/ ng dl‘i>dx1..~dl‘i.udxn
—R —RJo —R 0T
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By the fundamental theorem of calculus, the inner integral is
w(xla Ly Tg—1, R7 LTit1y" ,l‘n)—W(Jfl, L1, _R7 LTit1y" ;xn) =0-0=0.

So the integral vanishes. So we are only left with the i = n term. So we have

/ dw= (-1 [ day---da,

R R R
= (_1)”—1/ / aﬂ dz,, | dzy - da,_y
—R —R 0 613”

Now that integral is just
wn(l.la e 7$n717R) - Wn(ﬁrl, T ;"Enflvo) = _wn(xlv e 7xn7170)~

So this becomes

R R
:(—1)”/ / wn(xl’... 7ITL—1’O) dxl...dxn_l'
-R -R

Next we see that
'w=wpdzy A Adzg_1,

as i*(dzy) = 0. So we have

/ i*w:i/ w(x1, -+ ,Tp-1,0)dzy - - - da,.
SHn ANOH"

Here the sign is a plus iff 21, -+ ,z,_1 are an oriented coordinate for OH", i.e.
n is even. So this is

R R
/ w:(_l)”/ / Wn(l'l,--- 7xn*1’0) dxl.“dxnilz/ dev-
OH™ -R -R H"

Now for a general manifold M, suppose first that w € Q"~(M) is compactly
supported in a single oriented chart (U, ). Then the result is true by working
in local coordinates. More explicitly, we have

Jaw= [ rae= [ atye = [ e[ w

Finally, for a general w, we just cover M by oriented charts (U, ¢, ), and use a
partition of unity x, subordinate to {U,}. So we have

w = Zxaw.

Then

dw = Z(an)W + Z Xadw = d (Z xa) w+ Z Xadw = Z Yadw,

using the fact that > x, is constant, hence its derivative vanishes. So we have

dw = odw = QW = . O
o A
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7 De Rham’s theorem™
Theorem (de Rham’s theorem). There exists a natural isomorphism
Hig (M) = H?(M,R),

where HP(M,R) is the singular cohomology of M, and this is in fact an iso-
morphism of rings, where HY (M) has the product given by the wedge, and
HP(M,R) has the cup product.

Theorem. The map i, : Hy°(M) — H,(M) is an isomorphism.
Lemma. [ is a well-defined map HY, (M) — H? (M, R).
Proof. If [w] = [w], then w — w’ = da. Then let 0 € HZ (M,R). Then

/(w—w’):/da:/ a=0,
o o do
since do = 0.

On the other hand, if [¢] = [¢'], then o — 0 = 90 for some . Then we have

[ oo fn

So this is well-defined. O

Lemma. I is functorial and commutes with the boundary map of Mayer-Vietoris.
In other words, if F': M — N is smooth, then the diagram

Hig (M) £ Hig (N)
s s
HY,(M) —— HZ,(N)
And if M =U UV and U,V are open, then the diagram

HP(UNV) —— B (U UV)
| |
H? (UNV,R) —— HP(UUV,R)

also commutes. Note that the other parts of the Mayer-Vietoris sequence
commute because they are induced by maps of manifolds.

Proof. Trace through the definitions. O
Proposition. Let U C R" is convex, then

U:H: (U)— HE (U,R)
is an isomorphism for all p.
Proof. If p > 0, then both sides vanish. Otherwise, we check manually that
I:H3:(U) = HY (U,R) is an isomorphism. O

28
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Proposition. Suppose {U,V'} is a de Rham cover of U UV. Then U UV is de
Rham.

Proof. We use the five lemma! We write the Mayer-Vietoris sequence that is
impossible to fit within the margins:

Hig(U) @ Hig (V) — Hijp(UUV) — Hg;{l(U NV) — Hig(U) & Hc’i)f;l(v) - Hgl;tl(U uv)

l]@] l] lf JIGBI
H? (U)® HE (V) — HE(UUV) — HEFY(UNV) — HE(U) @ HEH(V)
This huge thing commutes, and all but the middle map are isomorphisms. So by

the five lemma, the middle map is also an isomorphism. So done. O

Corollary. If Uy,--- ,Uy is a finite de Rham cover of Uy U---U U = N, then
M is de Rham.

Proof. By induction on k. O

Proposition. The disjoint union of de Rham spaces is de Rham.

Proof. Let A; be de Rham. Then we have

i (11A) = [T A0 = [[ B = B2 ([T4). O
Lemma. Let M be a manifold. If it has a de Rham basis, then it is de Rham.

Proof sketch. Let f: M — R be an “exhaustion function”, i.e. f~1([—oo0,c]) for
all ¢ € R. This is guaranteed to exist for any manifold. We let

Amn ={q€M: f(q) € [m,m+1]}.
We let

s rerrsswe o-hme ]}

Given any q € A, there is some U, gy € A7, in the de Rham basis containing g.

As A,, is compact, we can cover it by a finite number of such U,,, with each
Ua, C Al,. Let

By, =Uy U---UU,,.
Since By, has a finite de Rham cover, so it is de Rham. Observe that if
BN B # 0, then M € {m,m —1,m+ 1}. We let

m even m odd

Then this is a countable union of de Rham spaces, and is thus de Rham. Similarly,
UNYV isde Rham. So M = U UV is de Rham. O

Theorem. Any manifold has a de Rham basis.

Proof. If U C R™ is open, then it is de Rham, since there is a basis of convex
sets {Uy} (e.g. take open balls). So they form a de Rham basis.

Finally, M has a basis of subsets diffeomorphic to open subsets of R™. So it
is de Rham. O

29

|r

— HEFH U UV)
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8 Connections

8.1 Basic properties of connections

Proposition. For any X, Vx is linear in s over R, and linear in X over C*°(M).
Moreover,

Vx(fs) = fVx(s)+ X(f)s
for f € C*°(M) and s € Q°(E).

Lemma. Given a linear connection V and a path v : I — M, there exists a
unique map Dy : J(y) — J(v) such that

(i) D(fV) = fV + fD,V for all f € C>(I)
(ii) If U is an open neighbourhood of im(7) and V is a vector field on U such
that V|, = V; for all t € I, then
Dt(V)|t = V.Y(Q)V

We call Dy the covariant derivative along ~.

Lemma. Given a connection V and vector fields X,Y € Vect(M), the quantity
VxY|, depends only on the values of Y near p and the value of X at p.

Proof. 1t is clear from definition that this only depends on the value of X at p.

To show that it only depends on the values of Y near p, by linearity, we just
have to show that if ¥ = 0 in a neighbourhood U of p, then VxY|, = 0. To do
so, we pick a bump function x that is identically 1 near p, then supp(X) C U.
Then xY = 0. So we have

0=Vx(xY)=xVx(Y)+ XY

Evaluating at p, we find that X (x)Y vanishes since x is constant near p. So
VX (Y) =0. O

Proof of previous lemma. We first prove uniqueness.
By a similar bump function argument, we know that D;V|;, depends only
on values of V(¢) near tyo. Suppose that locally on a chart, we have

Vi) = SV 5

(1)

for some V; : I — R. Then we must have

. 0
DV, = Zvj(t> Y
J

J

0
STV () Vi) -
: ; J ‘Y(to)axj

v(to

by the Leibniz rule and the second property. But every term above is uniquely
determined. So it follows that D;V must be given by this formula.

To show existence, note that the above formula works locally, and then they
patch because of uniqueness. O

Proposition. Any vector bundle admits a connection.

30



8 Connections IIT Differential Geometry (Theorems with proof)

Proof. Cover M by U, such that E|y, is trivial. This is easy to do locally, and
then we can patch them up with partitions of unity. O

Proposition. The map dg extends uniquely to dg : QP(E) — QPTL(E) such
that dg is linear and

dp(w®s) =dw® s+ (—1)’w Adgs,

for s € Q°(E) and w € QP(M). Here w A dgs means we take the wedge on the
form part of dgs. More generally, we have a wedge product

QP (M) x QUE) — QPTIE)
(a,B®8) = (A P) ® s.

More generally, the extension satisfies
dg(wAg) =dw A&+ (—1)wAdEE,
where ¢ € QP(F) and w € Q4(M).

Proof. The formula given already uniquely specifies the extension, since every
form is locally a sum of things of the form w ® s. To see this is well-defined, we
need to check that

de((fw) ® s) = dp(w ® (fs)),

and this follows from just writing the terms out using the Leibniz rule. The
second part follows similarly by writing things out for £ =n ® s. O

8.2 Geodesics and parallel transport

Theorem. Let V be a linear connection on M, and let W € T,M. Then there
exists a geodesic 7 : (—e,e) — M for some £ > 0 such that

5(0) = W.
Any two such geodesics agree on their common domain.

Lemma (Parallel transport). Let to € I and § € T, ,)M. Then there exists a
unique parallel vector field V' € J(v) such that V(¢o) = &. We call V' the parallel
transport of £ along ~.

Proof. Suppose first that (1) C U for some coordinate chart U with coordinates
X1, ,&n. Then V € J(v) is parallel iff D;V = 0. We put

)
— J .
V=> Vi) o
Then we need ' o
VF 4+ VAT =0.

This is a first-order linear ODE in V with initial condition given by V' (to) = ¢,
which has a unique solution.

The general result then follows by patching, since by compactness, the image
of v can be covered by finitely many charts. O
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8.3 Riemannian connections

Lemma. Let V be a connection. Then V is compatible with ¢ if and only if for
all v: I — M and V,W € J(v), we have

4
at?

Proof. Write it out explicitly in local coordinates. O

(V(#), W(t)) = g(D:V (1), W(t) + g(V(t), DeW (1)) (%)

Corollary. If V,W are parallel along -, then g(V(t), W (t)) is constant with
respect to t.

Corollary. If v is a geodesic, then || is constant.
Corollary. Parallel transport is an isometry.
Proposition. 7 is a tensor of type (2,1).
Proof. We have
T(fX,Y) = VyxY = Vy(fX) - [fX, Y]
=fVxY -Y ()X — fVy X — fXY +Y(fX)
=f(VxY —-VyX - [X,Y)
= fr(X,)Y).

So it is linear.
We also have 7(X,Y) = —7(Y, X)) by inspection. O

Theorem. Let M be a manifold with Riemannian metric g. Then there exists
a unique torsion-free linear connection V compatible with g.

Proof. In local coordinates, we write
Then the connection is explicitly given by

1

Iy = 59“(@‘9;‘4 + 0jgie — Ougij),
where ¢*¢ is the inverse of 9ij-
We then check that it works. O

8.4 Curvature
Lemma. Fy is a tensor. In particular, Fp € Q*(End(E)).

Proof. We have to show that Ff is linear over C°(M). We let f € C*°(M) and
s € QY(E). Then we have

Fg(fs)=dpde(fs)

=dp(df ®s+ fdgs)
=d’f®s—df Adgs+df Adgs + fd%s
= fFg(s) O
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Lemma. We have
Fp(X,Y)(s) = VxVys —VyVxs — Vix y]s.
In other words, we have
Fe(X,Y) = [Vx,Vy] - Vixy).
Proof. We claim that if u € Q'(E), then we have
(i) (X,Y) = Vx(u(Y)) - Vy (4(X)) — u([X, Y)).
To see this, we let u = w @ s, where w € Q' (M) and s € Q°(E). Then we have
dpp=dw ®s —w Adgs.
So we know
depp)(X,Y)=dw(X,Y)®s — (wAdgs)(X,Y)
By a result in the example sheet, this is equal to
— (Xw(Y) - Yu(X) - w(X,Y])) @5
—w(X)Vy(s) +w(¥)Vx(s)
=Xwl)®s+wl)Vxs
—Yw(X)®s+wX)Vys) —w([X,Y]) ®s
Then the claim follows, since
p(XY]) = w(X,Y]) @5

Vx(u(Y)) = Vx(w(Y)s)
=Xw(¥)®s+w(l)Vxs.
Now to prove the lemma, we have
(Fps)(X,Y) =dg(dgs)(X,Y)
= Vx((dps)(Y)) = Vy ((dps)(X)) — (dps)([X,Y])
ZVXVYS—VyVXS—V[Xﬁy]S. O

Theorem. Let M be a manifold with Riemannian metric g .Then M is flat iff
it is locally isometric to R™.

Proposition. Let dimM =n and U C M open. Let Vi,---,V,, € Vect(U) be
such that

(i) For all p € U, we know Vi(p),--- ,V,(p) is a basis for T,,M, i.e. the V; are
a frame.

(i) [Vi,V;] =0, ie. the V; form a frame that pairwise commutes.

Then for all p € U, there exists coordinates z1,--- ,x, on a chart p € U, such
that 5
Vi=—.
! &Ti

Suppose that g is a Riemannian metric on M and the V; are orthonormal in
T,M. Then the map defined above is an isometry.
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Proof. We fix p € U. Let ©; be the flow of V;. From example sheet 2, we know
that since the Lie brackets vanish, the ©; commute.

Recall that (0;):(q¢) = 7(t), where ~ is the maximal integral curve of V;
through ¢. Consider

a(tl» ce ;tn) = (@n)tn o (@nfl)tn_1 ©-:--0 (el)tl (p)

Now since each of ©; is defined on some small neighbourhood of p, so if we just
move a bit in each direction, we know that a will be defined for (to,--- ,t,) €
B = {|t;| < e} for some small .

Our next claim is that 5
Da|l— | =V,
“ (6@-) !

whenever this is defined. Indeed, for t € B and f € C*°(M,R). Then we have

0 0
D (5 ) (= 5| flattrt)
b —
= % J(©i)¢ 0 (On)t, 0+ 0(Oi); 00 (O1)¢(p))
= V;|a(t)(f)
So done. In particular, we have
0
ol (57| ) = Vit

and this is a basis for T,M. So Da|y : ToR™ — T, M is an isomorphism. By the
inverse function theorem, this is a local diffeomorphism, and in this chart, the
claim tells us that

0
Vi= .
al‘i
The second part with a Riemannian metric is clear. O

Proof of theorem. Let (M, g) be a flat manifold. We fixp € M. Welet z1,--- ,x,
be coordinates centered at p;, say defined for |x;| < 1. We need to construct
orthonormal vector fields. To do this, we pick an orthonormal basis at a point,
and parallel transport it around.

We let ey, -, e, be an orthonormal basis for T,M. We construct vector
fields Eyq,--- , E, € Vect(U) by parallel transport. We first parallel transport
along (z1,0,---,0) which defines E;(x1,0,---,0), then parallel transport along
the x5 direction to cover all E;(z1,x2,0,---,0) etc, until we define on all of U.
By construction, we have

ViE; =0 (*)

on {xgy1 =+ =z, = 0}.
We will show that the {F;} are orthonormal and [E;, E;] = 0 for all 4,j. We
claim that each FE; is parallel, i.e. for any curve 7y, we have

D,E; =0.
It is sufficient to prove that

VjEi =0
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for all 4, j.
By induction on k, we show
V,;E; =0
for j < kon {zri1 ==z, = 0}. The statement for k = 1 is already given

by (x). We assume the statement for k, so

V;E; =0 (A)
for j <k and {41 = ==, =0}. For j =k + 1, we know that V1 E; =0
on {zp42 =-+- =1z, =0} by (*). So the only problem we have is for j = k and

{T}42 ="+ =z, =0}
By flatness of the Levi-Civita connection, we have

[VkJrl, vk:] = V[8k+17ak] =0.

So we know

Vi1 ViE; = ViV E; =0 (B)
on {Tgyo =+ = x, = 0}. Now at xx4+1 = 0, we know Vi E; vanishes. So it
follows from parallel transport that Vi E; vanishes on {zy1o =--- =z, = 0}.

As the Levi-Civita connection is compatible with g, we know that parallel
transport is an isometry. So the inner product product g(E;, E;) = g(e;, e;) = di;.
So this gives an orthonormal frame at all points.

Finally, since the torsion vanishes, we know

[Ei7 Ej] == VElEj - VE]EZ - 0,

as the F; are parallel. So we are done by the proposition. O
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