Part IIT — Differential Geometry

Theorems

Based on lectures by J. A. Ross
Notes taken by Dexter Chua

Michaelmas 2016

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

This course is intended as an introduction to modern differential geometry. It can be
taken with a view to further studies in Geometry and Topology and should also be
suitable as a supplementary course if your main interests are, for instance in Analysis
or Mathematical Physics. A tentative syllabus is as follows.

e Local Analysis and Differential Manifolds. Definition and examples of manifolds,
smooth maps. Tangent vectors and vector fields, tangent bundle. Geometric
consequences of the implicit function theorem, submanifolds. Lie Groups.

e Vector Bundles. Structure group. The example of Hopf bundle. Bundle mor-
phisms and automorphisms. Exterior algebra of differential forms. Tensors.
Symplectic forms. Orientability of manifolds. Partitions of unity and integration
on manifolds, Stokes Theorem; de Rham cohomology. Lie derivative of tensors.
Connections on vector bundles and covariant derivatives: covariant exterior
derivative, curvature. Bianchi identity.

e Riemannian Geometry. Connections on the tangent bundle, torsion. Bianchi’s
identities for torsion free connections. Riemannian metrics, Levi-Civita con-

nection, Christoffel symbols, geodesics. Riemannian curvature tensor and its
symmetries, second Bianchi identity, sectional curvatures.

Pre-requisites

An essential pre-requisite is a working knowledge of linear algebra (including bilinear
forms) and multivariate calculus (e.g. differentiation and Taylor’s theorem in several
variables). Exposure to some of the ideas of classical differential geometry might also
be useful.
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1 Manifolds

1.1 Manifolds

Lemma. If (U,,ps) and (Us, ¢g) are charts in some atlas, and f : M — R,
then fo g1 is smooth at ¢, (p) if and only if f o @El is smooth at ¢g(p) for all
peUy,N Uﬂ.

Lemma. Let M be a manifold, and ¢, : U; — R™ and @5 : Uy — R™ be charts.
IfUlﬁUQ#(Z), then n = m.

1.2 Smooth functions and derivatives

Lemma. ai
ZT1

Proposition (Chain rule). Let M, N, P be manifolds, and F' € C*(M,N),
G € C*®(N,P),and p € M,q = F(p). Then we have

D(Go F)|, = DG|, o DFY,.

;s 5e— | is a basis of T,R™. So these are all the derivations.
D "lp

Corollary. If F is a diffeomorphism, then DF|, is a linear isomorphism, and
(DF[p)~" =D(EFE|rep)-

0
DF|, <8x

In other words, DF'|, has matrix representation

(‘Zif(p))ij.

1.3 Bump functions and partitions of unity

Lemma. We have

" OF; )
= () 5 -
p) Z 81’1‘ 8yj

Jj=1

q

Lemma. Suppose W C M is a coordinate chart with p € W. Then there is an
open neighbourhood V' of p such that V' C W and an X € C°°(M,R) such that
X=1lonVand X =0on M\ W.

Lemma. Let p € W C U and W, U open. Let fi, fo € C*(U) be such that
fi=faon W. If X € Der,(C>(U)), then we have X(f1) = X(f2)

Theorem. Given any {U,} open cover, there exists a partition of unity subor-
dinate to {U, }.

1.4 Submanifolds

Lemma. If S is an embedded submanifold of M, then there exists a unique
differential structure on S such that the inclusion map ¢ : S < M is smooth and
S inherits the subspace topology.

Proposition. Let S be an embedded submanifold. Then the derivative of the
inclusion map ¢ : S < M is injective.

Proposition. Let F € C*°(M, N), and let ¢ € N. Suppose ¢ is a regular value.
Then S = F~!(c) is an embedded submanifold of dimension dim M — dim N.
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2 Vector fields

2.1 The tangent bundle

Lemma. The charts actually make T'M into a manifold.

Lemma. The map X — X is an R-linear isomorphism

I': Vect(M) — Der(C*(M)).

2.2 Flows

Theorem (Fundamental theorem on ODEs). Let U C R™ be open and o : U —
R™ smooth. Pick tg € R.
Consider the ODE

Ji(t) = ci(v())
Yi(to) = ¢,

where ¢ = (¢1, -+ ,¢,) € R™
Then there exists an open interval I containing ¢y and an open Uy C U such
that for every c € Uy, there is a smooth solution 7. : I — U satisfying the ODE.
Moreover, any two solutions agree on a common domain, and the function
© : I x Uy — U defined by O(t,c) = v(¢) is smooth (in both variables).

Theorem (Existence of integral curves). Let X € Vect(M) and p € M. Then
there exists some open interval I C R with 0 € I and an integral curve v : I — M
for X with v(0) = p.

Moreover, if 4 : I — M is another integral curve for X, and 4(0) = p, then
F=~vonlINI.

Theorem. Let M be a manifold and X a complete vector field on M. Define
O;:Rx M — M by

O:(p) = 7p(1),

where 7, is the maximal integral curve of X through p with v(0) = p. Then ©
is a function smooth in p and ¢, and

Op=id, ©;00, =0,
Theorem. Let M be a manifold, and X € Vect(M). Define
D={(t,p) eRxM:tel,}
In other words, this is the set of all (¢,p) such that +,(t) exists. We set
O:(p) = O(t,p) = 7 (1)
for all (¢,p) € D. Then

(i) D is open and © : D — M is smooth

(ii) ©(0,p) =p for all p € M.
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(iii) If (t,p) € D and (¢,0(s,p)) € D, then (s+t,p) € D and O(¢,0(s,p)) =
Ot + s,p).

(iv) For any ¢t € R, the set My : {p € M : (t,p) € D} is open in M, and
O My — M_;
is a diffeomorphism with inverse ©_;.
Proposition. Let M be a compact manifold. Then any X € Vect(M) is
complete.
2.3 Lie derivative
Lemma. Lx(g9) = X(g). In particular, Lx(g) € C*°(M,R).

Lemma. We have
LxY =[X,Y].

Corollary. Let X,Y € Vect(M) and f € C°°(M,R). Then
(1) Lx(fY) =Lx (/)Y + fLxY = X(f)Y + fLxY
(i) LxY = —Ly X

(iii) Lx[Y,Z] = [LxY, Z] +[Y,Lx Z].
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3 Lie groups
Lemma. Given £ € T.G, we let
Xelg =DLgle(€) € T,(G).

Then the map T,G — Vect? (G) by & — X¢ is an isomorphism of vector spaces.
Lemma. Let G be an abelian Lie group. Then the bracket of g vanishes.

Proposition. Let G be a Lie group and £ € g. Then the integral curve v for X,
through e € G exists for all time, and v : R — G is a Lie group homomorphism.

Proposition.
(i) exp is a smooth map.

(i) If F(t) = exp(tf), then F : R — G is a Lie group homomorphism and
DF|o (%) =¢
0 \q¢

(iii) The derivative
Dexp:Tog=g—>1T.G=g

is the identity map.

(iv) exp is a local diffeomorphism around 0 € g, i.e. there exists an open U C g
containing 0 such that exp : U — exp(U) is a diffeomorphism.

(v) exp is natural, i.e. if f: G — H is a Lie group homomorphism, then the

diagram
g =, a
o |
§] P H
commutes.

Theorem. If h C g is a subalgebra, then there exists a unique connected Lie
subgroup H C G such that Lie(H) = b.

Theorem. Let g be a finite-dimensional Lie algebra. Then there exists a (unique)
simply-connected Lie group G with Lie algebra g.

Theorem. Let G, H be Lie groups with G simply connected. Then every Lie
algebra homomorphism g — b lifts to a Lie group homomorphism G — H.
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4 Vector bundles

4.1 Tensors

Lemma. Tensor products exist (and are unique up to isomorphism) for all pairs
of finite-dimensional vector spaces.

Proposition. Given maps f : V — W and g : V' — W', we obtain a map
f®g: VeV — W W’ given by the bilinear map

(f @ g)(v,w) = f(v) ® g(w).
Lemma. Given v,v; € V and w,w; € W and \; € R, we have

(A1 + A2v2) @ w = A1 (v1 @ W) + Aa(v2 @ W)
VR ()\1w1 + )\Q’wg) = )\1(’1) (9 wl) + )\2(1} ® ’LUQ).

Lemma. If vy,--- v, is a basis for V, and wy,- - ,w,, is a basis for W, then
{viow;:i=1,--- ,n;j=1,---,m}
is a basis for V'@ W. In particular, dmV @ W =dimV x dim W.
Proposition. For any vector spaces V, W, U, we have (natural) isomorphisms
HVew=weV
i) (VewW)eU=2Ve(WeU)
(iii) (VW)*=V*e W*
Lemma.
(i) f o € APV and 8 € A7V, then a A 3 = (—1)PI8 A a.
(ii) If dimV = n and p > n, then we have

dim A’V =1, dimA"V =1, APV ={0}.

(iii) The multilinear map det : V' x --- x V — R spans A"V.
(iv) If vy, ,v, is a basis for V, then
{'Uil /\"'/\Uip 2 <"'<ip}
is a basis for APV,

Lemma. Let ' : V — V be a linear map. Then A"F : A"V — A"V is
multiplication by det F'.
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4.2 Vector bundles
Proposition. We have the following equalities whenever everything is defined:
(i) Yaa =1d
(ii) Pap = Ppa
(ili) YapPsy = Pavy, Where @agps, is pointwise matrix multiplication.
These are known as the cocycle conditions.

Proposition (Vector bundle construction). Suppose that for each p € M, we
have a vector space E,. We set

E=JE,
P
We let m: E— M be given by m(v,) = p for v, € E,. Suppose there is an open
cover {U,} of open sets of M such that for each «, we have maps
ta: Ely, =7 (Uy) — Uy x R”

over U, that induce fiberwise linear isomorphisms. Suppose the transition
functions ¢, are smooth. Then there exists a unique smooth structure on &
making 7 : E — M a vector bundle such that the t, are trivializations for E.
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5 Differential forms and de Rham cohomology

5.1 Differential forms
Theorem (Exterior derivative). There exists a unique linear map
d=dpp: QM) — QPTHM)
such that
(i) On Q°(M) this is as previously defined, i.e.
df(X) = X(f) for all X € Vect(M).
(ii) We have
dod=0:QP(M)— QPT23(M).
(iii) It satisfies the Leibniz rule

dlwAo)=dwA o+ (—1)Pw Ado.

It follows from these assumptions that

(iv) d acts locally, i.e. if w,w’ € QP(M) satisty w|y = w'|y for some U C M
open, then dw|y = duw'|y.

(v) We have
d(wly) = (dw)lv

forallU C M.
Lemma. Let F € C*°(M,N). Let F* be the associated pullback map. Then
(i) F* is a linear map QP(N) — QP(M).
(ii) F*(wAo)=F*wA F*o.
(iii) If G € C®(N, P), then (G o F)* = F* o G*.
)

(iv) We have dF* = F*d.

5.2 De Rham cohomology
Proposition.
(i) Let M have k connected components. Then
Hiz (M) = R".
(ii) If p > dim M, then Hf (M) = 0.
(iii) If F € C°°(M,N), then this induces a map F* : Hip(N) — HY, (M)
given by
F*lw] = [F*w].

(iv) (FoG)* =G*o F*.

10



5 Differential forms and de Rham cohobiblbyjfferential Geometry (Theorems)

(v) If F: M — N is a diffeomorphism, then F* : Hi, (N) — Hiz (M) is an
isomorphism.
Theorem (Homotopy invariance). Let Fy, F; be homotopic maps. Then F} =
FY  Hip(N) = Hip(M).

Corollary (Poincaré lemma). Let U C R™ be open and star-shaped. Suppose
w € QP(U) is such that dw = 0. Then there is some o € QP~}(M) such that
w =do.

o~

Corollary. If M and N are smoothly homotopy equivalent, then HYp (M) =
Hgp(N).
5.3 Homological algebra and Mayer-Vietoris theorem

Proposition. A cochain map induces a well-defined homomorphism on the
cohomology groups.

Theorem (Snake lemma). Suppose we have a short exact sequence of complexes

0 Aty B 1, 0,

i.e. the i, ¢ are cochain maps and we have a short exact sequence

P

0 AP Br L, cr 0,

for each p.
Then there are maps

§:HP(C') — HPH(A')

such that there is a long exact sequence

L HP(AY) — s HP(BY) — s HP(CY)

HPHL(A") i HP+Y(B") a » HPH1(C) S .

Theorem (Mayer-Vietoris theorem). Let M be a manifold, and M = U UV,
where U,V are open. We denote the inclusion maps as follows:

Unv <2, U
[
V2 M
Then there exists a natural linear map
§: HY,(UNV) — HYEH (M)
such that the following sequence is exact:
J1®Js

Hip (M) == H{p(U) & Hip (V) —— Hip(UNV)

Hi (M) == HIg'(U) & HEL (V)

11
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6 Integration

6.1 Orientation

6.2 Integration

Lemma. Let F': D — E be a smooth map between domains of integration in
R™, and assume that F'|; : D — E is an orientation-preserving diffeomorphism.

Then
/w:/ Fw.
E D

Lemma. This is well-defined, i.e. it is independent of cover and partition of
unity.

Theorem. Given a parametrization {S;} of M and an w € Q™(M) with compact

support, we have
w = Frw.
fe=%/,r

Lemma. Let M be an oriented manifold, and g a Riemannian metric on M.
Then there is a unique w € Q™ (M) such that for all p, if ey, - , e, is an oriented
orthonormal basis of T}, M, then

w(er, -+ ,en) =1.

We call this the Riemannian volume form, written dVj.

6.3 Stokes Theorem

Proposition. Let M be a manifold with boundary. Then Int(M) and OM are
naturally manifolds, with

dim OM = dimInt M — 1.

Lemma. Let p € OM, say p € U C M where (U, ¢) is a chart (with boundary).

Then
0

oy

0

" Oz,

P P
is a basis for T, M. In particular, dim 7, M = n.

Theorem (Stokes’ theorem). Let M be an oriented manifold with boundary of
dimension n. Then if w € Q"!(M) has compact support, then

/ dw:/ w.
M oM

In particular, if M has no boundary, then

dw =0
M

12
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7 De Rham’s theorem*

Theorem (de Rham’s theorem). There exists a natural isomorphism
Hip (M) = H”(M,R),

where HP(M,R) is the singular cohomology of M, and this is in fact an iso-
morphism of rings, where HY (M) has the product given by the wedge, and
HP(M,R) has the cup product.

Theorem. The map i, : Hy°(M) — H,(M) is an isomorphism.
Lemma. [ is a well-defined map HY, (M) — HZ (M, R).

Lemma. [ is functorial and commutes with the boundary map of Mayer-Vietoris.
In other words, if F': M — N is smooth, then the diagram

Hip (M) £ Hir(N)
s s
HE,(M) —— HE(N)
And if M =U UV and U,V are open, then the diagram

HY (UNV) —— HYY (U UV)

L i

H? (UNV,R) —— HP(UUV,R)

also commutes. Note that the other parts of the Mayer-Vietoris sequence
commute because they are induced by maps of manifolds.

Proposition. Let U C R" is convex, then
U:H:(U)— HE (U,R)
is an isomorphism for all p.

Proposition. Suppose {U,V'} is a de Rham cover of U U V. Then U UV is de
Rham.

Corollary. If Uy,--- ,Uy is a finite de Rham cover of Uy U---U U = N, then
M is de Rham.

Proposition. The disjoint union of de Rham spaces is de Rham.
Lemma. Let M be a manifold. If it has a de Rham basis, then it is de Rham.

Theorem. Any manifold has a de Rham basis.

13
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8 Connections

8.1 Basic properties of connections

Proposition. For any X, Vx is linear in s over R, and linear in X over C*°(M).
Moreover,

Vx(fs) = fVx(s)+ X(f)s
for f € C*°(M) and s € Q°(E).

Lemma. Given a linear connection V and a path v : I — M, there exists a
unique map Dy : J(y) — J(v) such that

(i) D(fV) = fV + fD,V for all f € C(I)

(ii) If U is an open neighbourhood of im(vy) and V is a vector field on U such
that V|, = V; for all t € I, then

D:(V)|: = Vy(o)f/-

We call Dy the covariant derivative along .

Lemma. Given a connection V and vector fields X,Y € Vect(M), the quantity
VxY|, depends only on the values of Y near p and the value of X at p.

Proposition. Any vector bundle admits a connection.

Proposition. The map dg extends uniquely to dg : QP(E) — QPTL(E) such
that dg is linear and

dp(w®s) =dw® s+ (—1)’w Adgs,

for s € Q°(E) and w € QP(M). Here w A dgs means we take the wedge on the
form part of dgs. More generally, we have a wedge product

OP(M) x QUE) — QPT(E)
(, B®3s)— (aNp)®s.
More generally, the extension satisfies
dg(wA &) =dw A&+ (—1)w AdgE,
where £ € QP(E) and w € QI(M).

8.2 Geodesics and parallel transport

Theorem. Let V be a linear connection on M, and let W € T, M. Then there
exists a geodesic v : (—e,e) — M for some & > 0 such that

Y(0) =W.
Any two such geodesics agree on their common domain.

Lemma (Parallel transport). Let to € I and & € T,y M. Then there exists a
unique parallel vector field V' € J(v) such that V (¢g) = £. We call V the parallel
transport of £ along ~.

14
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8.3 Riemannian connections

Lemma. Let V be a connection. Then V is compatible with ¢ if and only if for
all v: I — M and V,W € J(v), we have

d

IV(©), W(t)) = gDV (1), W(2) + g(V (1), D:W (1)) (%)

Corollary. If V,W are parallel along ~, then g(V(t), W(t)) is constant with
respect to t.

Corollary. If 7 is a geodesic, then || is constant.

Corollary. Parallel transport is an isometry.

Proposition. 7 is a tensor of type (2,1).

Theorem. Let M be a manifold with Riemannian metric g. Then there exists

a unique torsion-free linear connection V compatible with g.

8.4 Curvature

Lemma. Fg is a tensor. In particular, Fg € Q?(End(E)).

Lemma. We have
Fp(X,Y)(s) = VxVys — VyVxs — Vix y]s.
In other words, we have
Fp(X,Y)=[Vx,Vy] - Vixy]

Theorem. Let M be a manifold with Riemannian metric g .Then M is flat iff
it is locally isometric to R™.

Proposition. Let dimM =n and U C M open. Let Vi,---,V,, € Vect(U) be
such that

(i) For all p € U, we know Vi(p),---,V,(p) is a basis for T,,M, i.e. the V; are
a frame.

(ii) [V;,V;] =0, i.e. the V; form a frame that pairwise commutes.

Then for all p € U, there exists coordinates z1,--- ,z, on a chart p € U, such
that 5
Vi=—.
! 8331'

Suppose that g is a Riemannian metric on M and the V; are orthonormal in
Tp,M. Then the map defined above is an isometry.

15
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