Part III — Symplectic Geometry

Based on lectures by A. R. Pires
Notes taken by Dexter Chua

Lent 2018

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

The first part of the course will be an overview of the basic structures of symplectic ge-
ometry, including symplectic linear algebra, symplectic manifolds, symplectomorphisms,
Darboux theorem, cotangent bundles, Lagrangian submanifolds, and Hamiltonian sys-
tems. The course will then go further into two topics. The first one is moment maps and
toric symplectic manifolds, and the second one is capacities and symplectic embedding
problems.

Pre-requisites

Some familiarity with basic notions from Differential Geometry and Algebraic Topology
will be assumed. The material covered in the respective Michaelmas Term courses
would be more than enough background.
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1 Symplectic manifolds

1.1 Symplectic linear algebra

In symplectic geometry, we study symplectic manifolds. These are manifolds
equipped with a certain structure on the tangent bundle. In this section, we first
analyze the condition fiberwise.

Definition (Symplectic vector space). A symplectic vector space is a real vector
space V together with a non-degenerate skew-symmetric bilinear map €2 : V' x
V=R

Recall that

Definition (Non-degenerate bilinear map). We say a bilinear map 2 is non-
degenerate if the induced map Q : V' — V* given by v — Q(v, -) is bijective.

Even if we drop the non-degeneracy condition, there aren’t that many sym-
plectic vector spaces around up to isomorphism.

Theorem (Standard form theorem). Let V' be a real vector space and §2 a skew-
symmetric bilinear form. Then there is a basis {uy,...,ug,e1,...,en, f1,.--, fn}
of V such that

(1) Qui,v)=0forallveV
(i) Q(es,ej) =Q(fi, fj) =0.
(iil) Q2(ei, fj) = ;.
The proof is a skew-symmetric version of Gram—Schmidt.

Proof. Let
U={ueV:Qu,v)=0foralveV}

and pick a basis u1, ..., u, of this. Choose any W complementary to U.
First pick e; € W\ {0} arbitrarily. Since e; € U, we can pick f; such that
Q(e1, f1) = 1. Then define Wy = span{e;, f;}, and

W ={weW:Quw,v) =0 for all v € W;}.

It is clear that Wi N W = {0}. Moreover, W = W; @ W{2. Indeed, if v € W,
then

v=(Qv, fi)er — Qv,e1) f1) + (v — (Qv, fr)er — Q(v, e1) f1)),
Then we are done by induction on the dimension. O

Here k = dim U and 2n = dim V — k are invariants of (V,2). The number
2n is called the rank of ). Non-degeneracy is equivalent to k& = 0.

Exercise. ) is non-degenerate iff Q" = QA --- AQ #£ 0.
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By definition, every symplectic vector space is canonically isomorphic to
its dual, given by the map Q. As in the above theorem, a symplectic basis
{e1,.-ven, f1,.-., fn} of V is a basis such that

Q(emej) :Q(flaf]) :07 Q(elvfl) :511

Every symplectic vector space has a symplectic basis, and in particular has even
dimension. In such a basis, the matrix representing €2 is

0o I
- (1)

We will need the following definitions:

Definition (Symplectic subspace). If (V) is a symplectic vector space, a
symplectic subspace is a subspace W C V such that Q|w xw is non-degenerate.

Definition (Isotropic subspace). If (V) is a symplectic vector space, an
isotropic subspace is a subspace W C V such that Q|w «w = 0.

Definition (Lagrangian subspace). If (V) is a symplectic vector space, an
Lagrangian subspace is an isotropic subspace W with dim W = %dim V.

Definition (Symplectomorphism). A symplectomorphism between symplectic
vector spaces (V, ), (V’,€') is an isomorphism ¢ : V' — V' such that ¢*Q' = Q.

The standard form theorem says any two 2n-dimensional symplectic vector
space (V,Q) are symplectomorphic to each other.

1.2 Symplectic manifolds
We are now ready to define symplectic manifolds.

Definition (Symplectic manifold). A symplectic manifold is a manifold M
of dimension 2n equipped with a 2-form w that is closed (i.e. dw = 0) and
non-degenerate (i.e. w™ # 0). We call w the symplectic form.

The closedness condition is somewhat mysterious. There are some motivations
from classical mechanics, for examples, but they are not very compelling, and
the best explanation for the condition is “these manifolds happen to be quite
interesting”.

Observe that by assumption, the form w”™ is nowhere-vanishing, and so it is
a volume form. If our manifold is compact, then pairing the volume form with
the fundamental class (i.e. integrating it over the manifold) gives the volume,
and in particular is non-zero. Thus, w"" # 0 € H3%(M). Since the wedge is
well-defined on cohomology, an immediate consequence of this is that

Proposition. If a compact manifold M?" is such that H3k (M) = 0 for some
k < n, then M does not admit a symplectic structure.

A more down-to-earth proof of this result would be that if w?* = da for some

a, then
/wn — /w2k /\w2(n—k) — /d(a/\w2(n—k)) =0

by Stokes’ theorem.
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Example. S™ does not admit a symplectic structure unless n = 2 (or n = 0, if
one insists).

On the other hand, S? is a symplectic manifold.

Example. Take M = S2. Take the standard embedding in R3, and for p € S?,
the tangent space consists of the vectors perpendicular to p. We can take the
symplectic form to be

wp(u,v) =p- (uxv).

Anti-symmetry and non-degeneracy is IA Vectors and Matrices.

Definition (Symplectomorphism). Let (X7,w;) and (X3,w2) be symplectic
manifolds. A symplectomorphism is a diffeomorphism f : X; — X5 such that
f*LLJg = Wi.

If we have a single fixed manifold, and two symplectic structures on it, there
are other notions of “sameness” we might consider:

Definition (Strongly isotopic). Two symplectic structures on M are strongly
isotopic if there is an isotopy taking one to the other.

Definition (Deformation equivalent). Two symplectic structures wg,w; on M
are deformation equivalent if there is a family of symplectic forms w; that start
and end at wg and w; respectively.

Definition (Isotopic). Two symplectic structures wgp,w; on M are isotopic
if there is a family of symplectic forms w; that start and end at wy and w;
respectively, and further the cohomology class [w;] is independent of ¢.

A priori, it is clear that we have the following implications:
symplectomorphic < strongly isotopic = isotopic = deformation equivalent.

It turns out when M is compact, isotopic implies strongly isotopic:

Theorem (Moser). If M is compact with a family w; of symplectic forms with
[w:] constant, then there is an isotopy p; : M — M with pfw: = wy.

The key idea is to express the condition pjw; = wp as a differential equation
for v, = % pt, and ODE theory guarantees the existence of a v, satisfying the
equation. Then compactness allows us to integrate it up to get a genuine p;.

Proof. We set po to be the identity. Then the equation pfw; = wg is equivalent
to pjw; being constant. If v, is the associated vector field to p;, then we need

d % « dwt
0= E(tht) = Py (£Utwt + dt) :
So we want to solve d
Wt
L, — =0.
T
To solve for this, since [%] =0, it follows that there is a family p; of 1-forms

such that % = du¢. Then our equation becomes

Evtwt + d,LLt =0.
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By assumption, dw; = 0. So by Cartan’s magic formula, we get
diy,wr +dpe = 0.
To solve this equation, it suffices to solve Moser’s equation,
Ly, Wi + p1e = 0,
which can be solved since w; is non-degenerate. O

There is also a relative version of this.

Theorem (Relative Moser). Let X C M be a compact manifold of a manifold M,
and wg, w1 symplectic forms on M agreeing on X. Then there are neighbourhoods
Up, Uy of X and a diffeomorphism ¢ : Uy — U; fixing X such that ¢p*w; = wy.

Proof. We set
Wy = (]. — t)wg —+ twl.

Then this is certainly closed, and since this is constantly wg on X, it is non-
degenerate on X, hence, by compactness, non-degenerate on a small tubular
neighbourhood Uy of X (by compactness). Now

d J—

awt = W1 — Wo,
and we know this vanishes on X. Since the inclusion of X into a tubular
neighbourhood is a homotopy equivalence, we know [w; — wp] = 0 € HJg (Up).
Thus, we can find some g such that wy — wy = du, and by translation by a
constant, we may suppose p vanishes on X. We then solve Moser’s equation,
and the resulting p will be constant on X since p vanishes. O

We previously had the standard form theorem for symplectic vector spaces,
which is not surprising — we have the same for Riemannian metrics, for example.
Perhaps more surprisingly, give a symplectic manifold, we can always pick
coordinate charts where the symplectic form looks like the standard symplectic
form throughout:

Theorem (Darboux theorem). If (M,w) is a symplectic manifold, and p € M,
then there is a chart (U, z1,...,%n, Y1, -.,Yn) about p on which

w= dei A dy;.

Proof. w can certainly be written in this form at p. Then relative Moser with
X = {p} promotes this to hold in a neighbourhood of p. O

Thus, symplectic geometry is a global business, unlike Riemannian geometry,
where it is interesting to talk about local properties such as curvature.

A canonical example of a symplectic manifold is the cotangent bundle of a
manifold X. In physics, X is called the configuration space, and M = T*X is
called the phase space.

On a coordinate chart (U, x1,...,x,) for X, a generic 1-form can be written

as n
€= & dx;.
i=1
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Thus, we have a coordinate chart on T*X given by (T*U, x1,...,Zn,&1,...,&n)-
On T*U, there is the tautological 1-form

o = ifz dmi.
i=1

Observe that this is independent of the chart chosen, since it can be characterized
in the following coordinate-independent way:

Proposition. Let 7 : M = T*X — X be the projection map, and 7* : T* X —
T*M the pullback map. Then for £ € M, we have ag = 7*E.

Proof. On a chart, we have

(0N _(oN . (o
<o) = ¢a) =5 =< (a)

and similarly both vanish on %. O
J

This tautological 1-form is constructed so that the following holds:
Proposition. Let u be a one-form of X, i.e. a section s, : X — T*X. Then
8,00 = L.

Proof. By definition,
og =§odm.

So for z € X, we have
S0y = p(x) odmods, = p(z) od(mos,) = p(z) od(idx) = p(z). O

Given this, we can set
n
w=—da=Y dz; A dg,
i=1

the canonical symplectic form on T*X. It is clear that it is anti-symmetric,
closed, and non-degenerate, because it looks just like the canonical symplectic
form on R?".

Example. Take X = S!, parametrized by 6§, and 7* X = S! xR with coordinates
(0,&p). Then
w=df A dép.

We can see explicitly how this is independent of coordinate. Suppose we
parametrized the circle by 7 = 20. Then dr = 2df. However, since we de-
fined &y by

§=2E(§) do
for all £ € T*S!, we know that & = 1&, and hence

d6 A dép = dr A dé,

Of course, if we have a diffeomorphism f : X — Y, then the pullback map
induces a symplectomorphism f* : T*Y — T*X. However, not all symplecto-
morphisms arise this way.
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Example. If X = S' and 7*X = S! x R is given the canonical symplectic
structure, then the vertical translation g(6, &) = (8, £+c¢) is a symplectomorphism
that is not a lift of a diffeomorphism S' — S*.

So when does a symplectomorphism come from a diffeomorphism?

Exercise. A symplectomorphism y : T*X — T* X is a lift of a diffeomorphism
X = X iff g*a = a.

1.3 Symplectomorphisms and Lagrangians

We now consider Lagrangian submanifolds. These are interesting for many
reasons, but in this section, we are going to use them to understand symplecto-
morphisms.

Definition (Lagrangian submanifold). Let (M,w) be a symplectic manifold,
and L C M a submanifold. Then L is a Lagrangian submanifold if for all p € L,
T,L is a Lagrangian subspace of T, M. Equivalently, the restriction of w to L
vanishes and dim L = %dim M.

Example. If (M,w) is a surface with area form w, and L is any 1-dimensional
submanifold, then L is Lagrangian, since any 1-dimensional subspace of T, M is
Lagrangian.

What do Lagrangian submanifolds of 7% X look like? Let p be a 1-form on
X, i.e. a section of T* X, and let

X, ={(z,pug) rx e X} CT*X.

The map s, : X — T*X is an embedding, and dim X, = dim X = %dim T X.
So this is a good candidate for a Lagrangian submanifold. By definition, X, is
Lagrangian iff sj,w = 0. But
spw = s, (da) = d(s,a) = dp.

So X, is Lagrangian iff y is closed. In particular, if h € C*°(X), then Xgp, is
a Lagrangian submanifold of T*X. We call h the generating function of the
Lagrangian submanifold.

There are other examples of Lagrangian submanifolds of the cotangent bundle.
Let S be a submanifold of X, and z € X. We define the conormal space of S at

T to be
N;}S={eT;X :{|r,s =0}

The conormal bundle of S is the union of all NS.
Example. If S = {z}, then N*S =T'X.
Example. If S = X, then N*S = S is the zero section.

Note that both of these are n-dimensional submanifolds of 7% X, and this is
of course true in general.
So if we are looking for Lagrangian submanifolds, this is already a good start.

In the case of S = X, this is certainly a Lagrangian submanifold, and so is
S = {z}. Indeed,
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Proposition. Let L = N*S and M = T*X. Then L — M is a Lagrangian
submanifold.

Proof. If L is k-dimensional, then S < X locally looks like R¥ < R™, and it is
clear in this case. O

Our objective is to use Lagrangian submanifolds to understand the following
problem:

Problem. Let (M;,w;) and (Ms,ws) be 2n-dimensional symplectic manifolds.
If f: My — Ms is a diffeomorphism, when is it a symplectomorphism?

Consider the 4n-dimensional manifold M; x Ms, with the product form
w = priwy + praws. We have

dw = pridw; + pridws = 0,

and w is non-degenerate since
2n
W = ( priwy™ A prawd™ # 0.
n

So w is a symplectic form on M; x Ms. In fact, for A\, A2 € R\ {0}, the
combination

A1priwy + Agpriws
is also symplectic. The case we are particularly interested in is A\; = 1 and
Ao = —1, where we get the twisted product form.

@ = prijw; — praws.
Let Ty be the graph of f, namely

Ty ={(p1, f(p1)) : p1 € M1} C My x Ms.
and let v¢ : My — M; x M be the natural embedding with image 7.

Proposition. f is a symplectomorphism iff 7} is a Lagrangian submanifold of
(M1 X MQ, (:))

Proof. The first condition is f*ws = w1, and the second condition is ;@ = 0,
and

YFw = Yppriws = Yppraws = w1 — frws. O

We are particularly interested in the case where M; are cotangent bundles.
If X1, X5 are n-dimensional manifolds and M; = T* X;, then we can naturally
identify
T (X x Xo) 2T X, x T*X,.

The canonical symplectic form on the left agrees with the canonical symplectic
form on the right. However, we want the twisted symplectic form instead. So we
define an involution

02M1XM2*>M1><M2

that fixes M; and sends (z,€) — (z,—&) on My. Then o*w = @.
Then, to find a symplectomorphism M; — Ms, we can carry out the following
procedure:
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(i) Start with L a Lagrangian submanifold of (M; x Ms,w).
(if) Twist it to get L7 = o(L).
(iii) Check if L7 is the graph of a diffeomorphism.

This doesn’t sound like a very helpful specification, until we remember that
we have a rather systematic way of producing Lagrangian submanifolds of
(M, X My, w). We pick a generating function f € C*°(X; x X3). Then df is a
closed form on X; x X5, and

L= de = {(x7yaawf(z,y)aayf(z,y)) : (x,y) € Xy x XQ}

is a Lagrangian submanifold of (M; x Mas,w).
The twist L is then

L% = {(xayadzf(z,y)v 7dyf(¢,y)) : (Jj,y) € Xy x XZ}

We then have to check if L7 is the graph of a diffeomorphism ¢ : M; — M. If so,
we win, and we call this the symplectomorphism generated by f. Equivalently,
we say f is the generating function for .

To check if L? is the graph of a diffeomorphism, for each (z,€) € T* X5, we
need to find (y,n) € T* Xz such that

§£=0cf(ay) 1= —"0yfwy:
In local coordinates {x;,&;} for T* X7 and {y;,n;} for T* X5, we want to solve

0

__of
nl - ayl ("L', y)

The only equation that requires solving is the first equation for g, and then the
second equation tells us what we should pick n; to be.
For the first equation to have a unique smoothly-varying solution for y, locally,

we must require
g [ of
det [8%‘ (8%)]13 70

This is a necessary condition for f to generate a symplectomorphism . If this
is satisfied, then we should think a bit harder to solve the global problem of
whether &; is uniquely defined.

We can in fact do this quite explicitly:

Example. Let X; = X5 =R"”, and f: R™ x R™ — R given by

|z — y]? 1
(.9) o~ = S )2
=1

What, if any, symplectomorphism is generated by f7? We have to solve

_of _,
76$17y2

Y
,rh_ 8yz_yl 7

&i

—x;

10
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So we find that
Yi = T + &,
7 = &;.
So we have
o(z,8) = (x +£,6).

If we use the Euclidean inner product to identify 7*R™ = R?", and view ¢ as a
vector, then ¢ is a free translation in R™.

That seems boring, but in fact this generalizes quite well.

Example. Let X; = X5 = X be a connected manifold, and g a Riemannian
metric on X. We then have the Riemannian distance d : X x X — R, and we
can define

f: XxX—>R
1
(Ivy) = —§d($,y)2

Using the Riemannian metric to identify 7*X = T X, we can check that ¢ :
TX — TX is given by
p(,v) = (v(1),%(1)),

where 7 is the geodesic with 4(0) = = and 4(0) = v. Thus, ¢ is the geodesic
flow.

1.4 Periodic points of symplectomorphisms

Symplectic geometers have an unreasonable obsession with periodic point prob-
lems.

Definition (Periodic point). Let (M,w) be a symplectic manifold, and ¢ :
M — M a symplectomorphism. An n-periodic point of ¢ is an x € M such that
©"(x) = z. A periodic point is an n-periodic point for some n.

We are particularly interested in the case where M = T™* X with the canonical
symplectic form on M, and ¢ is generated by a function f : X — R. We begin
with 1-periodic points, namely fixed points of f.

If p(z0,&0) = (x0,&0), this means we have

fO = azf(aco,mo)
o = =0y f(zo,20)

In other words, we need
(&c + 8y)f(10)$0) =0.

Thus, if we define

P: X >R
= f(z,x),

then we see that

11
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Proposition. The fixed point of ¢ are in one-to-one correspondence with the
critical points of 1.

It is then natural to consider the same question for ¢™. One way to think
about this is to consider the symplectomorphism ¢ : M™ — M™ given by

@(mh ma,... ?mn) = (‘P(mn)’ (P(ml)’ SR @(mn—l))'

Then fixed points of ¢ correspond exactly to the n-periodic points of .
We now have to find a generating function for this ¢. By inspection, we see
that this works:

f((mh e axn)a (yla e ayn)) = f(xlva) + f(l‘27y3) +---+ f(xnayl)
Thus, we deduce that

Proposition. The n-periodic points of ¢ are in one-to-one correspondence with
the critical points of

Up(w1,. .. 20) = fl21,22) + f(w2,23) + - + f2n, 21).

Example. We consider the problem of periodic billiard balls. Suppose we have
a bounded, convex region Y C R2.

We put a billiard ball in Y and set it in motion. We want to see if it has periodic
orbits.
Two subsequent collisions tend to look like this:

I
|
|
|
I
I
I

We can parametrize this collision as (z,v = cos#) € Y x(—1,1). We can think of
this as the unit disk bundle of cotangent bundle on X = 9Y = S! with canonical
symplectic form dz A dv, using a fixed parametrization y : S1 2 R/Z — X. If
o(z,v) = (y,w), then v is the projection of the unit vector pointing from x to y
onto the tangent line at x. Thus,

o= 2D ) - xw)

and a similar formula holds for w, using that the angle of incidence is equal to
the angle of reflection. Thus, we know that

f@) = —lx(@) = xW)ll

12
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is a generating function for .

The conclusion is that the N-periodic points are given by the critical points
of

(1, an) = =[x(@1) = x(w2)| = [x(@2) = x(3)| = -+ = [x(@n) = x(21)].

Up to a sign, this is the length of the “generalized polygon” with vertices
(xlv"'va)'

In general, if X is a compact manifold, and ¢ : T*X — T*X is a symplecto-
morphism generated by a function f, then the number of fixed points of ¢ are
the number of fixed points of ¢(z) = f(z,z). By compactness, there is at least
a minimum and a maximum, so ¢ has at least two fixed points.

In fact,

Theorem (Poincaré’s last geometric theorem (Birkhoff, 1925)). Let ¢ : A —
A be an area-preserving diffeomorphism such that ¢ preserves the boundary
components, and twists them in opposite directions. Then ¢ has at least two
fixed points.

1.5 Lagrangian submanifolds and fixed points

Recall what we have got so far. Let (M, w) be a symplectic manifold, ¢ : M — M.
Then the graph of ¢ is a subset of M x M. Again let @ be the twisted product form
on M x M. Then we saw that a morphism ¢ : M — M is a symplectomorphism
iff the graph of ¢ is Lagrangian in (M x M, ®). Moreover, the set of fixed points
is exactly A N graph ¢, where A = graphidy, is the diagonal.

If ¢ is “close to” the identity, map, then its graph is close to A. Thus, we are
naturally led to understanding the neighbourhoods of the identity. An important
theorem is the following symplectic version of the tubular neighbourhood theorem:

Theorem (Lagrangian neighbourhood theorem). Let (M,w) be a symplectic
manifold, X a compact Lagrangian submanifold, and wq the canonical symplectic
form on T*X. Then there exists neighbourhoods Uy of X in T*X and U of X
in M and a symplectomorphism ¢ : Uy — U sending X to X.

An equivalent theorem is the following;:

Theorem (Weinstein). Let M be a 2n-dimensional manifold, X n-dimensional
compact submanifold, and i : X < M the inclusion, and symplectic forms wg, w1
on M such that i*wg = i*w; = 0, i.e. X is Lagrangian with respect to both
symplectic structures. Then there exists neighbourhoods Uy, U; of X in M such
that p|x =idx and p*w1 = wo.

We first prove these are equivalent. This amounts to identifying the (dual of
the) cotangent bundle of X with the normal bundle of X.

Proof of equivalence. If (V,Q) is a symplectic vector space, L a Lagrangian
subspace, the bilinear form

Q:V/LxL—R
([v],w) = Qv,u).

13
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is non-degenerate and gives a natural isomorphism V/L = L*. Taking V =T, M
and L = T, X, we get an isomorphism

NX =TM|x/TX ~T*X.

Thus, by the standard tubular neighbourhood theorem, there is a neighbourhood
Ng of X in NX and a neighbourhood N of X in M, and a diffeomorphism
P : Ng = N. We now have two symplectic forms on Ny — the one from the
cotangent bundle and the pullback of that from M. Then applying the second
theorem gives the first.

Conversely, if we know the first theorem, then applying this twice gives us
symplectomorphisms between neighbourhoods of X in M under each symplectic
structure with a neighbourhood in the cotangent bundle. O

It now remains to prove the second theorem. This is essentially an application
of the relative Moser theorem, which is where the magic happens. The bulk of
the proof is to get ourselves into a situation where relative Moser applies.

Proof of second theorem. For p € X, we define V =T,M and U = T, X, and
W any complement of U. By assumption, U is a Lagrangian subspace of both
(Viwolp = Qo) and (V,wi|, = Q1). We apply the following linear-algebraic
lemma:

Lemma. Let V be a 2n-dimensional vector space, (g, Q; symplectic structures
on V. Suppose U is a subspace of V' Lagrangian with respect to both €y and
Q1, and W is any complement of V. Then we can construct canonically a linear
isomorphism H : V — V such that H|y = idy and H*Qy = Qs.

Note that the statement of the theorem doesn’t mention W, but the con-

struction of H requires a complement of V', so it is canonical only after we pick
aWw.

By this lemma, we get canonically an isomorphism H,, : T,M — T,M such
that Hp|r,x = idr,x and H;w1|p = wp|p. The canonicity implies H,, varies
smoothly with p. We now apply the Whitney extension theorem

Theorem (Whitney extension theorem). Let X be a submanifold of M, Hp, :
T,M — T, M smooth family of isomorphisms such that Hp|TpX =idr,x. Then
there exists an neighbourhood A of X in M and an embedding h : N' — M
such that h|x =idx and for all p € X, dh, = H,,.

So at p € X, we have h*wi |, = (dhp)*wi|p = hjw1|, = wolp. So we are done
by relative Moser. O

Example. We can use this result to understand the neighbourhood of the iden-
tity in the group Symp(M,w) of symplectomorphisms of a symplectic manifold
(M,w).

Suppose ¢,id € Symp(M,w). Then the graphs I', and A = T4 are La-
grangian submanifolds of (M x M,&). Then by our theorem, there is a neigh-
bourhood U of A in (M x M,®) that is symplectomorphic to a neighbourhood
Uy of the zero section of (T*M,wy).

Suppose ¢ is sufficiently C%-close to id. Then I', C U. If ¢ is sufficiently
C'-close to the identity, then the image of I'y, in Uy is a smooth section X, for
some 1-form p.

14
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Now ¢ is a symplectomorphism iff I',, is Lagrangian iff X, is Lagrangian iff
w is closed. So a small C''-neighbourhood of id in Sym(M,w) is “the same as” a
small C'-neighbourhood of the zero-section in the space of closed 1-forms on X.

We can also use this to understand fixed points of symplectomorphisms
(again!).

Theorem. Let (M, w) be a compact symplectic manifold such that Hjp (M) = 0.
Then any symplectomorphism ¢ : M — M sufficiently close to the identity has
at least two fixed points.

Proof. The graph of ¢ corresponds to a closed 1-form on M. Since p is closed
and Hlg (M) = 0, we know p = dh for some h € C*. Since M is compact, h
has at least two critical points (the global maximum and minimum). Since the
fixed points corresponding to the points where p vanish (so that I', intersects
A), we are done. O

Counting fixed points of symplectomorphisms is a rather popular topic in
symplectic geometry, and Arnold made some conjectures about these. A version
of this is

Theorem (Arnold conjecture). Let (M,w) be a compact symplectic manifold
of dimension 2n, and ¢ : M — M a symplectomorphism. Suppose ¢ is exactly
homotopic to the identity and non-degenerate. Then the number of fixed points
of ¢ is at least S" dim H*(M,R).

We should think of the sum Z?ZO dim H*(M,R) as the minimal number of
critical points of a function, as Morse theory tells us.
We ought to define the words we used in the theorem:

Definition (Exactly homotopic). We say ¢ is exactly homotopic to the identity
if there is isotopy p; : M — M such that py = id and p; = ¢, and further there
is some 1-periodic family of functions h; such that p; is generated by the vector
field v; defined by ¢ w = dhy.

The condition ¢} wdh; says vy is a Hamiltonian vector field, which we will
discuss soon after this.

Definition (Non-degenerate function). A endomorphism ¢ : M — M is non-
degenerate iff all its fixed points are non-degenerate, i.e. if p is a fixed point,
then det(id —dy,) # 0.

Example. In the original statement of the Arnold conjecture, which is the case
(T?,df; A dfs), any symplectomorphism has at least 4 fixed points.

In the case where h; is actually not time dependent, Arnold’s conjecture is
easy to prove.

15
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2 Complex structures

2.1 Almost complex structures

Symplectic manifolds are very closely related to complex manifolds. A first
(weak) hint of this fact is that they both have to be even dimensional! In general,
symplectic manifolds will have almost complex structures, but this need not
actually come from a genuine complex structure. If it does, then we say it is
Kahler, which is a very strong structure on the manifold.

We begin by explaining what almost complex structures are, again starting
from the linear algebraic side of the story. A complex vector space can be thought
of as a real vector space with a linear endomorphism that acts as “multiplication
by .

Definition (Complex structure). Let V' be a vector space. A complex structure
is a linear J : V — V with J? = —1.

Here we call it a complex structure. When we move on to manifolds, we will
call this “almost complex”, and a complex structure is a stronger condition. It
is clear that

Lemma. There is a correspondence between real vector spaces with a complex
structure and complex vector spaces, where J acts as multiplication by 1. O]

Our symplectic manifolds come with symplectic forms on the tangent space.
We require the following compatibility condition:

Definition (Compatible complex structure). Let (V,Q) be a symplectic vector
space, and J a complex structure on V. We say J is compatible with Q if
Gj(u,v) = Q(u, Jv) is an inner product. In other words, we need

Q(Ju, Jv) = Qu,v), Qv,Jv) >0
with equality iff v = 0.

Example. On the standard symplectic vector space (R?", ), we set
Jo(ei) = fi,  Jolfi) = —e.

We can then check that this is compatible with the symplectic structure, and in
fact gives the standard inner product.

Proposition (Polar decomposition). Let (V) be a symplectic vector space,
and G an inner product on V. Then from G, we can canonically construct a
compatible complex structure J on (V,). If G = G for some J, then this
process returns J.

Note that in general, G ;(u,v) = Q(u, Jv) # G(u,v).
Proof. Since ), G are non-degenerate, we know
Qu,v) = G(u, Av)

for some A:V — V. If A2 = —1, then we are done, and set .J = A. In general,
we also know that A is skew-symmetric, i.e. G(Au,v) = G(u, —Av), which is

16
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clear since () is anti-symmetric. Since AA? is symmetric and positive definite, it
makes sense to write down vV AAT (e.g. by diagonalizing), and we take

J=VAA ‘A= /A2 A

It is clear that J2 = —1, since A commutes with v AA?t, so this is a complex
structure. We can write this as A = vV AATJ, and this is called the (left) polar
decomposition of A.

We now check that J is a compatible, i.e. Gj(u,v) = Q(u, Jv) is symmetric
and positive definite. But

Gy(u,v) = G(u, v AAW),
and we are done since vV AA? is positive and symmetric. O

Notation. Let (V,Q) be a symplectic vector space. We write J(V, ) for the
space of all compatible complex structures on (V, Q).

Proposition. J(V,Q) is path-connected.

Proof. Let Jo, J1 € J(V,Q). Then this induces inner products G,,,G;,. Let
G: = (1 —1t)Gj, +tGy, be a smooth family of inner products on V. Then apply
polar decomposition to get a family of complex structures that start from Jy to
J1. O

A quick adaptation of the proof shows it is in fact contractible.
We now move on to the case of manifolds.

Definition (Almost complex structure). An almost complex structure J on
a manifold is a smooth field of complex structures on the tangent space J, :
oM — T,M, Jg =—1.

Example. Suppose M is a complex manifold with local complex coordinates
Z1y...,2n o0 U C M. We have real coordinates {z;,y;} given by

The tangent space is spanned by %7 aiy.' We define J by

0 0 0 0
T (ax) Sy (ay)—‘axj'

The Cauchy—Riemann equations imply this is globally well-defined. This J is
called the canonical almost-complex structure on the complex manifold M.

Definition (Integrable almost complex structure). An almost complex structure
on M is called integrable if it is induced by a complex structure.

Example. It is a fact that CP?#CP?#CP? has an almost complex but no
complex structure.

Definition (Compatible almost complex structure). An almost complex struc-
ture J on M is compatible with a symplectic structure w if J, is compatible with
wp for all p € M. In this case, (w, gy, J) is called a compatible triple.

17
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Any two of the structures determine the three, and this gives rise to the nice
fact that the intersection of any two of O(2n), Sp(2n,R) and GL(n,C) is U(n).
Performing polar decomposition pointwise gives

Proposition. Let (M, w) be a symplectic manifold, and g a metric on M. Then
from g we can canonically construct a compatible almost complex structure
J. O

As before, in general, g;(-, <) #g(-, -).

Corollary. Any symplectic manifold has a compatible almost complex structure.
O

The converse does not hold. For example, S% is almost complex but not
symplectic.

Notation. Let (M, w) be a symplectic manifold. We write J(V, Q) for the space
of all compatible almost complex structures on (M, w).

The same proof as before shows that
Proposition. J(M,w) is contractible. O

Proposition. Let J be an almost complex structure on M that is compatible
with wg and w;. Then wy and w; are deformation equivalent.

Proof. Check that w; = (1 — t)wo + twy works, which is non-degenerate since
wi(+,J+) is a positive linear combination of inner products, hence is non-
degenerate. O

Proposition. Let (M,w) be a symplectic manifold, J a compatible almost
complex structure. If X is an almost complex submanifold of (M,.J), i.e.
J(TX)=TX, then X is a symplectic submanifold of (M, w).

Proof. We only have to check w|rx is non-degenerate, but Q(-,.J-) is a metric,
so is in particular non-degenerate. O

We shall not prove the following theorem:

Theorem (Gromov). Let (M, J) be an almost complex manifold with M open,
i.e. M has no closed connected components. Then there exists a symplectic form
w in any even 2-cohomology class and such that J is homotopic to an almost
complex structure compatible with w. O

2.2 Dolbeault theory

An almost complex structure on a manifold allows us to discuss the notion of
holomorphicity, and this will in turn allow us to stratify our k-forms in terms of
“how holomorphic” they are.

Let (M, J) be an almost complex manifold. By complexifying TM to TM ®C
and then extending J linearly, we can split TM ® C into its 44 eigenspace.

Notation. We write 17 for the +i eigenspace of J and Ti for the —i-
eigenspace of J. These are called the J-holomorphic tangent vectors and the
J-anti-holomorphic tangent vectors respectively.

18
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We write T} ¢ for the +i eigenspace of J, and Ty ; the —i-eigenspace of J.
Then we have a splitting

TM X C :) Tl.,O D T0,1~

We can explicitly write down the projection maps as

1

mTo(w) = g(w —iJw)

mo,1(w) = %(w +iJw).
Example. On a complex manifold with local complex coordinates (z1, ..., zn),
the holomorphic tangent vectors 17 ¢ is spanned by the 8%]" while Tp ; is spanned
by the ai

Similarly, we can complexify the cotangent bundle, and considering the 43
eigenspaces of (the dual of) J gives a splitting

(70 0N T*M e C 5 T o T,

These are the complex linear cotangent vectors and complex anti-linear cotangent
vectors.

Example. In the complex case, T1° is spanned by the dz; and 791 is spanned
by the dz;.

More generally, we can decompose

/\k(T*M ® (C) — /\k(Tl,O D TO,l) — @ (/\KTLO) ® (/\mTO,l) = @ AP,

p+q=k p+g=k
We write
QF (M, C) = sections of A*(T*M @ C)
OP9(M, C) = sections of AP,
So

OF(M,C)= @ (M, C).
pta=k

The sections in QP7(M, C) are called forms of type (p,q).

Example. In the complex case, we have, locally,
AD? = C{dzr Ndzg : [I| = £, |K| =m}
and

QP9 = Z br.x dzr ANdzi : brx € C* (U, C)
[I|=p,|K|=q
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As always, we have projections
P9 AF(T*M @ C) — AP,

Combining the exterior derivative d : QF(M,C) — QF1(M, C) with projections
yield the 0 and O operators

g QP s Qptla

5 - OPa _y patl

Observe that for functions f, we have df = df + df, but this is not necessarily
true in general.

Definition (J-holomorphic). We say a function f is J-holomorphic if Of = 0,
and J-anti-holomorphic if 0f = 0.

It would be very nice if the sequence

Op-4q 45‘, Qprsa+1 45) Qpr:q+2 L

were a chain complex, i.e. 9> = 0. This is not always true. However, this is
true in the case where J is integrable. Indeed, if M is a complex manifold and
B € QF(M,C), then in local complex coordinates, we can write

b= Z Z b]J( dzr AN dzg

p+a=k \|I|=p,|K|=q

So

ag= > > dbrg Adz Adzg

p+a=k \|I|=p,|K|=q

Z Z (8+5)bI,K/\dZI/\dZK

p+q=k \|I|=p,|K|=q

((9"1‘5) Z Z b[)KdZ[/\dEK
p+a=Fk \|I|=p,|K|=q

Thus, on a complex manifold, d = 8 + 0.
Thus, if 5 € QP9 then

0=d?g =0%8+ (00 + 00)3 + 0°B.
Since the three terms are of different types, it follows that
9> =0*=00+00=0.
In fact, the converse of this computation is also true, which we will not prove:

Theorem (Newlander—Nirenberg). The following are equivalent:
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- 0*’=0 — J is integrable
— 92 = - N=0
~d=0+0

where N is the Nijenhuis torsion
NX,Y)=[JX,JY]|-J[JX, Y] - JX,JY] - [X,Y]. O

When our manifold is complex, we can then consider the cohomology of the
chain complex.

Definition (Dolbeault cohomology groups). Let (M, J) be a manifold with an
integrable almost complex structure. The Dolbeault cohomology groups are the
cohomology groups of the cochain complex

Qp:a i) Qp.a+1 45) QOp-a+2 i)

Explicitly,
_ ker(9: QP4 — QPatl)
Cim(9: Qpal - Qpa)

Hpo, (M)

2.3 Kahler manifolds

In the best possible scenario, we would have a symplectic manifold with a
compatible, integrable almost complex structure. Such manifolds are called
Kahler manifolds.

Definition (K&hler manifold). A Kdahler manifold is a symplectic manifold
equipped with a compatible integrable almost complex structure. Then w is
called a Kdhler form.

Let (M, w, J) be a Kéhler manifold. What can we say about the Kéhler form
w? We can decompose it as

we (M) CQ*(M,C) =0*0 g bl ¢ 02
We claim that
Lemma. w € Qb
Proof. Since w(-,J-) is symmetric, we have
J*w(u,v) = w(Ju, Jv) = wv, JJu) = —w(v, —u) = w(u,v).

So J*w = w.

On the other hand, J* acts on holomorphic forms as multiplication by 7 and
anti-holomorphic forms by multiplication by —1 (by definition). So it acts on
029 and Q%2 by multiplication by —1 (locally Q29 is spanned by dz; A dz;, etc.),
while it fixes Q%!. So w must lie in Q1. O
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We can explore what the other conditions on w tell us. Closedness implies
0=dw=0w+ 0w =0.

So we have dw = dw = 0. So in particular w € HIl)’ilb(M).
In local coordinates, we can write

1 _
w= 5 zk:hj’k de A dzg
75

for some h; . The fact that w is real valued, so that @ = w gives some constraints
on what the hj; can be. We compute

- i — { — -
0= —§z’;hjk de/\de = izkhjk de/\Zj-
J,R 75

So we have

T = hi.

The non-degeneracy condition w”" # 0 is equivalent to det h;j # 0, since
w" = (;) nldet(h;i) dza AdZy A--- Adz, AdZ,.

So hjj is a non-singular Hermitian matrix.
Finally, we take into account the compatibility condition w(v, Jv) > 0. If we
write

0 0
' zj:ajaszr oz’
then we have
. 1o} 0
J’U:Z Za]aizj—bjaizj
J

So we have
w(v, Jv) = 5 g hjk(—ia;by — iajby) = g hjka;by > 0.

So the conclusion is that hjj is positive definite.
Thus, the conclusion is

Theorem. A Kihler form w on a complex manifold M is a 0- and d-closed
form of type (1,1) which on a local chart is given by

i _
w = §Zhjk de /\de
J.k
where at each point, the matrix (h;;) is Hermitian and positive definite.

Often, we start with a complex manifold, and want to show that it has a
Kahler form. How can we do so? First observe that we have the following
proposition:
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Proposition. Let (M,w) be a complex Kéhler manifold. If X C M is a complex
submanifold, then (X, i*w) is K&hler, and this is called a Kdhler submanifold. O

In particular, if we can construct Kahler forms on C™ and CP", then we
have Kéhler forms for a lot of our favorite complex manifolds, and in particular
complex projective varieties.

But we still have to construct some Kéahler forms to begin with. To do so,
we use so-called strictly plurisubharmonic functions.

Definition (Strictly plurisubharmonic (spsh)). A function p € C*(M,R) is
strictly plurisubharmonic (spsh) if locally, ( 8225)2;9) is positive definite.

Proposition. Let M be a complex manifold, and p € C®(M;R) strictly
plurisubharmonic. Then

i
is a Kéahler form.
We call p the Kahler potential for w.

Proof. w is indeed a 2-form of type (1, 1). Since 0> = §* = 0 and 99 = —90,
we know dw = 0w = 0. We also have

Z 82 8zk dz; A dzy,

and the matrix is Hermitian positive definite by assumption. O]

Example. If M = C" = R?", we take
= |z* = szzk

9?p
a a- — 5jka
0z;0%,
so this is strictly plurisubharmonic. Then
i
=3 > dz Adz
3 Z d(z; + 1y;) A d(zr — iyw)

= dek A dyy,

Then we have
hji =

which is the standard symplectic form. So (C",w) is Kihler and p = |z|? is a
(global) Kéhler potential for wy.

There is a local converse to this result.

Proposition. Let M be a complex manifold, w a closed real-valued (1, 1)-form
and p € M, then there exists a neighbourhood U of p in M and a p € C*°(U,R)
such that

w =i90p on U.
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Proof. This uses the holomorphic version of the Poincaré lemma. O

When p is Kahler, such a p is called a local Kdhler potential for w.
Note that it is not possible to have a global Kahler potential on a closed
Kéhler manifold, because if w = 509p, then

7 -

is exact, and we know symplectic forms cannot be exact.
Example. Let M = C” and
p(z) = log(|z[* + 1).

It is an exercise to check that p is strictly plurisubharmonic. Then
i
Wpg = gaa(log(\z2| +1))

is another Kéhler form on C™, called the Fubini—Study form.

The reason this is interesting is that it allows us to put a Kahler structure
on CP".

Example. Let M = CP". Using homogeneous coordinates, this is covered by

the open sets
Uj = {[Zo,...,zn] e CP" | Zj 750}

with the chart given by

wj - Uj — Cc"
20 Zj—1 Zj+1 Zn
[207'”7271}’_)(47”'7'747~~~7' .
Zj Zj Zj Zj

One can check that piwps = prwrs. Thus, these glue to give the Fubini-Study
form on CP", making it a Kéhler manifold.

2.4 Hodge theory

So what we have got so far is that if we have a complex manifold, then we can
decompose

ok(m;c) = @ o,

pta=k

and using 0 : QP9 — QP9+ we defined the Dolbeault cohomology groups

ker 0
HEg, (M) =

imo’
It would be nice if we also had a decomposition
Hip = @ HEh,(M).
p+q=k

This is not always true. However, it is true for compact Kéhler manifolds:

24



2  Complex structures IIT Symplectic Geometry

Theorem (Hodge decomposition theorem). Let (M,w) be a compact Khaler
manifold. Then

Hin = €D Higy(M).
pta=k

To prove the theorem, we will first need a “real” analogue of the theorem.
This is an analytic theorem that lets us find canonical representatives for each
cohomology class. We can develop the same theory for Dolbeault cohomology,
and see that the canonical representatives for Dolbeault cohomology are the
same as those for de Rham cohomology. We will not prove the analytic theorems,
but just say how these things piece together.

Real Hodge theory

Let V be a real oriented vector space m with inner product G. Then this induces
an inner product on each A*¥ = A*(V), denoted (-, -), defined by

(Vi A Aok, wr A= Awg) = det(G(vs, wy))i 4
Let eq,..., e, be an oriented orthonormal basis for V. Then
{fej, No--Nej, 1< gy <+ < <m}
is an orthonormal basis for A*.

Definition (Hodge star). The Hodge *-operator * : A¥ — A™~¥ is defined by
the relation
a8 ={a,B) el AN Nem.

It is easy to see that the Hodge star is in fact an isomorphism. It is also not
hard to verify the following properties:

Proposition.
—x(eg A Aeg) =exr1 A Aem
— x(eppr A Aem) = (DR TRe A Ay
— sk = a = (=1)Fm=Fq for a € AF. 0

In general, let (M, g) be a compact real oriented Riemannian manifold of
dimension m. Then g gives an isomorphism T'M = T* M, and induces an inner
product on each T7M, which we will still denote g,. This induces an inner
product on each A*T* M, which we will denote (-, -) again.

The Riemannian metric and orientation gives us a volume form Vol € Q™ (M),
defined locally by

Vol,(e1 A+ Aem),

where e1, ..., e is an oriented basis of T,y M. This induces an L2-inner product
on QF(M),

(a,B) 12 = /M<a,ﬁ> Vol.

Now apply Hodge *-operator to each (V,G) = (T; M, gp) and p € M. We then
get
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Definition (Hodge star operator). The Hodge x-operator on forms * : QF (M) —
Qm=Fk(M) is defined by the equation

a A (x8) = {(a, B) Vol.
We again have some immediate properties.
Proposition.
(i) **a = (=1)km=Fq for a € QF(M).
(if) *1 = Vol O
We now introduce the codifferential operator

Definition (Codifferential operator). We define the codifferential operator ¢ :
OF — QF=1 to be the L2-formal adjoint of d. In other words, we require

(da, B)pz = (e, 08) 12
for all @ € QF and B € QF+L,
We immediately see that
Proposition. 42 = 0.

Using the Hodge star, there is a very explicit formula for the codifferential
(which in particular shows that it exists).

Proposition.
6= (—1)mFHDH e d s QF 5 QF L

Proof.

(da, B)r2 = da A 3
1

= /JA: d(a A*pB) — (1) /M aANd(«5)

—1)k+1 « * okes’
=(-1) /M A d(xB) (Stokes’)
— (_1\k+1 “1)m=RE g A s d(x

(-1) /M( 1) A% x d(5)
— (1 kF1H(m—K)k a. % dx8).

(-1) /M< ,* d*f3) O

We can now define the Laplace-Beltrami operator

Definition (Laplace-Beltrami operator). We define the Laplacian, or the
Laplace—Beltrami operator to be

A =d§+dd: QF = QF.

Example. If M = R™ with the Euclidean inner product, and f € Q°(M) =
C° (M), then
n
% f

=1 g
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It is an exercise to prove the following
Proposition.
(i) Ax =*A: QF - Qm-k
(i) A= (d+0)?
(i) (Aa, Bz = {0, AB) 2.
(iv) Aa =0 iff da = da = 0. O
In particular, (iv) follows from the fact that
(Aa, @) = (da,da) + (b, 6a) = ||dal|2s + [|6c]|3e.
Similar to IA Vector Calculus, we can define
Definition (Harmonic form). A form « is harmonic if Aa = 0. We write
HF = {a € QF(m) | Aa = 0}
for the space of harmonic forms.

Observe there is a natural map H* — H%; (M), sending « to [a]. The main
result is that

Theorem (Hodge decomposition theorem). Let (M, g) be a compact oriented
Riemannian manifold. Then every cohomology class in HA (M) has a unique
harmonic representation, i.e. the natural map H* — H, é“R(M ) is an isomorphism.

We will not prove this.

Complex Hodge theory
We now see what we can do for complex Kéahler manifolds. First check that

Proposition. Let M be a complex manifold, dim¢ M = n and (M, w) Kéhler.
Then

(i) *: QP — Qrpn—d,
i) A QP Qpa, O
(ii)

define the L?-adjoints 0* = 4 % 0% and 9* = — — *0% with the appropriate
signs as before, and then

d=0+0, 6=0"+0"
We can then define

Ay = 00" +9%0 : QP9 — QP14
Ag=00* + 59 Pa 5 Q.

Proposition. If our manifold is Kéahler, then

A =27y = 2A,. 0
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So if we have a harmonic form, then it is in fact d and O-harmonic, and in
particular it is 0 and O-closed. This give us a Hodge decomposition

/H(/E — @ HPI,
ptq=k

where
HP? = {a € QPY(M) : Aa = 0}.

Theorem (Hodge decomposition theorem). Let (M,w) be a compact Kéahler

manifold. The natural map H?¢ — HJY, is an isomorphism. Hence

Hip(M;C)=HE = P HP' = ) HEY,(M). O
p+q=Fk p+q=k

What are some topological consequences of this? Recall the Betti numbers
are defined by
by = dimg H%: (M) = dime HY; (M; C).

We can further define the Hodge numbers
hp.q = dime Hp gy, (M).
Then the Hodge theorem says
b= hpg
p+q=k
Moreover, since

H]gglb(M) = H]%flb(M)-

So we have Hodge symmetry,
hp,qg = hqp-

Moreover, the x operator induces an isomorphism

Pqd  ~ n—p,n—q
HDolb - HDolb '

So we have

hp.q = hp—p,n—q-

There is called central symmetry, or Serre duality. Thus, we know that
Corollary. Odd Betti numbers are even.

Proof.

k
bokir= > hpg=2 (Z hp,%ﬂ_p) : O
p=0

p+q=2k+1
Corollary. hi o= ho1 = %bl is a topological invariant.

We have also previously seen that for a general compact Kéhler manifold, we
have

Proposition. Even Betti numbers are positive.
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Recall that we proved this by arguing that [w*] # 0 € H**(M). In fact,
wk e Hg’oklb(M)7 and so

Proposition. hyj # 0. O

We usually organize these hy, ;, in the form of a Hodge diamond, e.g.

ha .2

ha1 hig
hao hia ho,2
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3 Hamiltonian vector fields

Symplectic geometry was first studied by physicists, who modeled their systems
by a symplectic manifold. The Hamiltonian function H € C°° (M), which returns
the energy of a particular configuration, generates a vector field on M which is
the equation of motion of the system. In this chapter, we will discuss how this
process works, and further study what happens when we have families of such
Hamiltonian functions, giving rise to Lie group actions.

3.1 Hamiltonian vector fields

Definition (Hamiltonian vector field). Let (M,w) be a symplectic manifold. If
H € C*(M), then since @ : TM — T*M is an isomorphism, there is a unique
vector field Xy on M such that

tx,w=dH.
We call Xy the Hamiltonian vector field with Hamiltonian function H.

Suppose Xp is complete (e.g. when M is compact). This means we can
integrate Xp, i.e. solve

Ope
ot

These flow have some nice properties.

(p) = Xu(p:(p)), polp) =p.

Proposition. If Xy is a Hamiltonian vector field with flow p;, then pjw = w.
In other words, each p; is a symplectomorphism.

Proof. Tt suffices to show that % piw = 0. We have
d * * * *
a(ﬂtw) = p; (Lx,yw) = pi(dixyw + tx,dw) = pi(ddH) = 0. 0
Thus, every function H gives us a one-parameter subgroup of symplectomor-
phisms.

Proposition. p; preserves H, i.e. pfH = H.
Proof.

d * * * *
aptH:pt (L"XHH) :pt(LXHdH) :pt(LXHLXHw) =0. 0

So the flow lines of our vector field are contained in level sets of H.
Example. Take (S%,w = df A dh). Take
H(h,0)=h
to be the height function. Then X solves
txy (A0 Adh) = dh.

So

9
6’

As expected, the flow preserves height and the area form.
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We have seen that Hamiltonian vector fields are symplectic:

Definition (Symplectic vector field). A vector field X on (M, w) is a symplectic
vector field if Lxw = 0.

Observe that
Lxw=1xdw+ dixw =dixw.

So X is symplectic iff txw is closed, and is Hamiltonian if it is exact. Thus,
locally, every symplectic vector field is Hamiltonian and globally, the obstruction
lies in H}g (M).

Example. Take (T% w = df; A dfy). Then X; = % are symplectic but not
Hamiltonian, since ¢x,w = dfs_; is closed but not exact.

Proposition. Let X,Y be symplectic vector fields on (M,w). Then [X,Y] is
Hamiltonian.

Recall that if X,Y are vector fields on M and f € C°°(M), then their Lie
bracket is given by
X, Y]f = (XY Y X)/.

This makes x(M), the space of vector fields on M, a Lie algebra.
In order to prove the proposition, we need the following identity:

Exercise. iy y)a = [Lx,y]a =[x, Lyla.
Proof of proposition. We need to check that i(x yjw is exact. By the exercise,
this is

Ux,yw = Lxtyw —tyLxw = d(txtyw) + ixdiyw + tydixw — vy tydw.

Since X, Y are symplectic, we know diyw = dexw = 0, and the last term always
vanishes. So this is exact, and w(Y, X)) is a Hamiltonian function for [X,Y]. O

Definition (Poisson bracket). Let f,g € C*°(M). We then define the Poisson

bracket {f, g} by
{fvg} = w(Xf7X9>'

This is defined so that

X{f,g} = *[va Xg}-
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Exercise. The Poisson bracket satisfies the Jacobi identity, and also the Leibniz
rule

{figh}y = g{f. h} +{f g}h.

Thus, if (M,w) is symplectic, then (C*(M),{-, -}) is a Poisson algebra.
This means it is a commutative, associative algebra with a Lie bracket that
satisfies the Leibniz rule.

Further, the map C*(M) — x(M) sending H — Xy is a Lie algebra
(anti-)homomorphism.

Proposition. {f,g} =0 iff f is constant along integral curves of X,.

Proof.
Lx,f=ux,df =ix,1x,w=w(Xys,Xy)={f,9}=0. O

Example. If M =R?" and w = wp = _dz; Ady;, and f € C°(R*"), then

af & of o
Xy = — .

%

If po(p) = p, then pi(p) = (z(t),y(t)) is an integral curve for X iff
de; _ 0f 9y of

dt — oy;" ot Oy

In classical mechanics, these are known as Hamilton equations.

3.2 Integrable systems

In classical mechanics, we usually have a fixed H, corresponding to the energy.

Definition (Hamiltonian system). A Hamiltonian system is a triple (M,w, H)
where (M, w) is a symplectic manifold and H € C*°(M), called the Hamiltonian
function.

Definition (Integral of motion). A integral of motion/first integral/ constant of

motion/conserved quantity of a Hamiltonian system is a function f € C*(M)
such that {f, H} = 0.

For example, H is an integral of motion. Are there others? Of course, we
can write down 2H, H?, H'2, e etc., but these are more-or-less the same as H.

Definition (Independent integrals of motion). We say fi,..., f, € C*(M) are
independent if (df1)p, ..., (dfn)p are linearly independent at all points on some
dense subset of M.

Definition (Commuting integrals of motion). We say f1,..., fn € C® commute
it {fi, f;} =0.

If we have n independent integrals of motion, then we clearly have dim M > n.
In fact, the commuting condition implies:

Exercise. Let fi,..., f, be independent commuting functions on (M, w). Then
dim M > 2n.
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The idea is that the (df;), are not only independent, but span an isotropic
subspace of TM.

If we have the maximum possible number of independent commuting first
integrals, then we say we are integrable.

Definition (Completely integrable system). A Hamiltonian system (M, w, H)
of dimension dim M = 2n is (completely) integrable if it has n independent
commuting integrals of motion f; = H, fa,..., fn.

Example. If dim M = 2, then we only need one integral of motion, which we
can take to be H. Then (M,w, H) is integrable as long as the set of non-critical
points of H is dense.

Example. The physics of a simple pendulum of length 1 and mass 1 can be
modeled by the symplectic manifold M = T*S!, where the S! refers to the
angular coordinate 6 of the pendulum, and the cotangent vector is the momentum.
The Hamiltonian function is

1
H = K +V = kinetic energy + potential energy = 552 + (1 — cosw).

We can check that the critical points of H are (6,€) = (0,0) and (7,0). So
(M,w, H) is integrable.

Example. If dim M = 4, then (M,w, H) is integrable as long as there exists an
integral motion independent of H. For example, on a spherical pendulum, we
have M = T*S?, and H is the total energy. Then the angular momentum is an
integral of motion.

What can we do with a completely integrable system? Suppose (M,w, H)
is completely integrable system with dim M = 2n and f; = H, fo,..., f, are
commuting. Let ¢ be a regular value of f = (f1,..., fn). Then f~(c) is an
n-dimensional submanifold of M. If p € f~1(c), then

T,(f7H(c)) = kex(df),.

Since

(df1)p LXy W

a,=1 + |=| ¢ |

(dfn)p LX, W

we know
Tp(fil(c)) = ker(dfp) = span{(Xy, )p, ... (X, )p},
Moreover, since
W(Xfi’ ij) = {fia fj} =0,

we know that T,(f~'(c)) is an isotropic subspace of (T,M,w,).

If X¢,,..., Xy, are complete, then following their flows, we obtain global
coordinates of (the connected components of) f~!(c), where ¢ € f~'(c) has
coordinates (@1, ...,¢m) (angle coordinates) if ¢ is achieved from the base point
p by following the flow of Xy, for ¢; seconds for each i. The fact that the f; are
Poisson commuting implies the vector fields commute, and so the order does not
matter, and this gives a genuine coordinate system.

By the independence of Xy,, the connected components look like R % x Tk,
where TF = (S1)* is the k torus. In the extreme case k = n, we simply get a
torus, which is a compact connected component.
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Definition (Liouville torus). A Liouwville torus is a compact connected compo-
nent of f~1(c).

It would be nice if the (p;) are part of a Darboux chart of M, and this is
true.

Theorem (Arnold-Liouville thoerem). Let (M,w, H) be an integrable system
with dim M = 2n and f; = H, fa, ..., f, integrals of motion, and ¢ € R a regular

value of f = (f1,..., fn)

(i) If the flows of X, are complete, then the connected components of f~!({c})
are homogeneous spaces for R” and admit affine coordinates ¢1,..., ¢,
(angle coordinates), in which the flows of X, are linear.

(ii) There exists coordinates 1, ..., ¥, (action coordinates) such that the 1;’s
are integrals of motion and ¢1,..., ¢, ¥1,. .., %, form a Darboux chart.

3.3 Classical mechanics

As mentioned at the beginning, symplectic geometry was first studied by physi-
cists. In this section, we give a brief overview of how symplectic geometry
arises in physics. Historically, there have been three “breakthroughs” in classical
mechanics:

(i) In ~ 1687, Newton wrote down his three laws of physics, giving rise to
Newtonian mechanics.

(ii) In ~ 1788, this was reformulated into the Lagrangian formalism.

(i) In ~ 1833, these were further developed into the Hamiltonian formalism.

Newtonian mechanics

In Newtonian mechanics, we consider a particle of mass m moving in R? under
the potential V'(x). Newton’s second law then says the trajectory of the particle
obeys
d?z
m— = —VV(z).

Hamiltonian mechanics.
To do Hamiltonian mechanics, a key concept to introduce is the momentum:
Definition (Momentum). The momentum of a particle is

dx
=m—.
Y
We also need the energy function

Definition (Energy). The energy of a particle is

1
H(wy) = 5 [yl + V(o).
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We call R? the configuration space and T*R> the phase space, parametrized
by (z,y). This has a canonical symplectic form w = dz; A dy;.
Newton’s second law can be written as

dt o 76.’1?1'.

Combining with the definition of y, we find that (x,y) evolves under.

dt N Gyz
dyi - OH
dt - _81172'

So physical motion is given by Hamiltonian flow under H. H is called the
Hamiltonian of the system.

Lagrangian mechanics

Lagrangian mechanics is less relevant to our symplectic picture, but is nice to
know about nevertheless. This is formulated via a variational principle.

In general, consider a system with N particles of masses myq, ..., my moving
in R? under a potential V € C*(R3*"). The Hamiltonian function can be defined
exactly as before:

1
Hay) =S —— w2 +V
(,y) zk: S lel® + V@),
where z(t) = (z1,...,2,) and each z; is a 3-vector; and similarly for y with
Y = mk%. Then in Hamiltonian mechanics, we say (x,y) evolves under
Hamiltonian flow.
Now fix a,b € R and p,q € R3"N. Write P for the space of all piecewise

differentiable paths v = (v1,...,vn) : [a,b] — R3V.
Definition (Action). The action of a path v € P is

ALE

Do) —vw))) ar

The integrand is known as the Lagrangian function. We will see that v(t) =
x(t) is (locally) a stationary point of A iff

d2$t ov
mi =

dt Oz’

i.e. if and only if Newton’s second law is satisfied.

The Lagrangian formulation works more generally if our particles are con-
strained to live in some submanifold X C R3”. For example, if we have a
pendulum, then the particle is constrained to live in S* (or S2). Then we set P
to be the maps v : [a,b] — X that go from p to q. The Lagrangian formulation
is then exactly the same, except the minimization problem is now performed
within this P.
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More generally, suppose we have an n-dimensional manifolds X, and F :
TX — R is a Lagrangian function. Given a curve v : [a,b] — X, there is a lift

7 :la,b] = TX
t— (v(t), Z(t)) .

The action is then

= "GP = / ' (wx jg@) at.

To find the critical points of the action, we use calculus of variations. Pick a
chart (z1,...,2,) for X and naturally extend to a chart (z1,...,%n,v1,...,0y)
for TX. Consider a small perturbation of our path

WE(t) = (’71(15) + Ecl(t)a ce 7’7n(t) + Ecn(t))

for some functions ¢y, ..., c, € C*([a,b]) such that ¢;(a) = ¢;(b) = 0. We think
of this as an infinitesimal variation of v. We then find that

dd,.|  _, OF _d0F

—=———fork=1,...,n.
de |._, ﬁaxk dt Ovp or S

These are the Euler—Lagrange equations.

Example. In X = R3*" and

m
F(zy,...,xp,01,...,0,) = Ek: 7k|v;€|2 —V(z1,...,zy,).
Then the Euler-Lagrange equations are
ov d2IL‘ki
_ - m
8:ck, k dt2

Example. On a Riemannian manifold, if we set F: TX — R be (z,v) — |v|?,
then we obtain the Christoffel equations for a geodesic.

In general, there need not be solutions to the Euler-Lagrange equation.
However, if we satisfy the Legendre condition

0*F
det (8%81}]‘) 7& 0,

then the Euler—Lagrange equations become second order ODEs, and there is a
unique solution given v(0) and (0). If furthermore this is positive definite, then
the solution is actually a locally minimum.

3.4 Hamiltonian actions

In the remainder of the course, we are largely interested in how Lie groups can
act on symplectic manifolds via Hamiltonian vector fields. These are known as
Hamiltonian actions. We first begin with the notion of symplectic actions.

Let (M,w) be a symplectic manifold, and G a Lie group.
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Definition (Symplectic action). A symplectic action is a smooth group action
1 : G — Diff (M) such that each 1), is a symplectomorphism. In other words, it
is a map G — Symp(M,w).

Example. Let G =R. Then a map ¢ : G — Diff (M) is a one-parameter group
of transformations {¢; : ¢ € R}. Given such a group action, we obtain a complete
vector field

Xp = ——(p)
Conversely, given a complete vector field X, we can define
Uft = €xXp tX)

and this gives a group action by R.
Under this correspondence, symplectic actions correspond to complete sym-
plectic vector fields.

Example. If G = S!, then a symplectic action of S is a symplectic action of
R which is periodic.

In the case where G is R or S!, it is easy to define what it means for an
action to be Hamiltonian:

Definition (Hamiltonian action). An action of R or St is Hamiltonian if the
corresponding vector field is Hamiltonian.

Example. Take (S?,w = df A dh). Then we have a rotation action
i (0,h) = (0 +1,h)

generated by the vector field %. Since Lo w = dh is exact, this is in fact a
Hamiltonian S* action.

Example. Take (T2 ,df; A df). Consider the action
Ui (01,02) = (01 + t,09).

This is generated by the vector field 6%1. But ¢ W= dfs, which is closed but

1
not exact. So this is a symplectic action that is not Hamiltonian.

How should we define Hamiltonian group actions for groups that are not R
or S'? The simplest possible next case is the torus G = T" = S! x --- x L.
If we have a map ¢;T™ — Symp(M,w), then for this to be Hamiltonian, it
should definitely be the case that the restriction to each S' is Hamiltonian in
the previous sense. Moreover, for these to be compatible, we would expect each
Hamiltonian function to be preserved by the other factors as well.

For the general case, we need to talk about the Lie group of G. Let G be a
Lie group. For each g € GG, there is a left multiplication map

Ly:G—=G
a— ga.
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Definition (Left-invariant vector field). A left-invariant vector field on a Lie
group G is a vector field X such that

(L)X = X

forall g € G.
We write g for the space of all left-invariant vector fields on G, which comes
with the Lie bracket on vector fields. This is called the Lie algebra of G.

If X is left-invariant, then knowing X, tells us what X is everywhere, and
specifying X, produces a left-invariant vector field. Thus, we have an isomor-
phism g = T.G.

The Lie algebra admits a natural action of G, called the adjoint action. To
construct this, note that G acts on itself by conjugation,

pg(a) = gag™".

This fixes the identity, and taking the derivative gives Ad, : g — g, or equivalently,
Ad is a map Ad : G — GL(g). The dual g* admits the dual action of G, called
the coadjoint action. Explicitly, this is given by

(Ady(§), z) = (£, Adg z).

An important case is when G is abelian, i.e. a product of S'’s and R’s, in which
case the conjugation action is trivial, hence the (co)adjoint action is trivial.

Returning to group actions, the correspondence between complete vector
fields and R/S! actions can be described as follows: Given a smooth action
¥ : G — Diff (M) and a point p € M, there is a map

G—M
g = Py(p).

Differentiating this at e gives

g=T.G — T,M
X = X7

We call X# the vector field on M generated by X € g. In the case where G = S*
or R, we have g = R, and the complete vector field corresponding to the action
is the image of 1 under this map.

We are now ready to define

Definition (Hamiltonian action). We say ¢ : G — Symp(M, w) is a Hamiltonian
action if there exists a map p: M — g* such that

(i) For all X € g, X7 is the Hamiltonian vector field generated by uX, where
pX : M — R is given by

(ii) p is G-equivariant, where G acts on g* by the coadjoint action. In other
words,
popy = Adjou forall g € G.
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w is then called a moment map for the action 1.
In the case where G is abelian, condition (ii) just says p is G-invariant.

Example. Let M = C", and
1 Z _ Z
w=§ : de/\deZ i rjdrj/\déj.

We let
T ={(t1,...,tn) € C": [ty| =1 for all k},

acting by
w(tl,...,tn)('zlv B Zn) = (tlflzla cee 7tfznzn)

where kq,...,k, € Z.
We claim this action has moment map

piCr = () =R
1
(xlv"'7zn) — 7§(k1‘21|27"'7kn|2n|2)‘

It is clear that this is invariant, and if X = (aq,...,a,) € t* € R", then

0 0
# = — ... -
X k1a1 891 + +knan89n

Then we have

1
dp* =d (—2 Z kjajr?-) =— Z kjajry dry = 1xzw.

Example. A nice example of a non-abelian Hamiltonian action is coadjoint
orbits. Let G be a Lie group, and g the Lie algebra. If X € g, then we get a
vector field 8 X# generated by X via the adjoint action, and also a vector field
9X on g* generated by the co-adjoint action.

If £ € g*, then we can define the coadjoint orbit through £

O = {Ad}(§) : g € G}

What is interesting about this is that this coadjoint orbit is actually a symplectic
manifold, with symplectic form given by

LLJ§(X&#,}/£#) = (& [X,Y]).

Then the coadjoint action of G on O has moment map O — g* given by the
inclusion.

3.5 Symplectic reduction

Given a Lie group action of G on M, it is natural to ask what the “quotient” of
M looks like. What we will study is not quite the quotient, but a symplectic
reduction, which is a natural, well-behaved subspace of the quotient that is in
particular symplectic.

We first introduce some words. Let ¢ : G — Diff (M) be a smooth action.
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Definition (Orbit). If p € M, the orbit of p under G is

Op = {ty(p) : g € G}.

Definition (Stabilizer). The stabilizer or isotropy group of p € M is the closed
subgroup

Gp={9€G:¢4(p) =p}
We write g, for the Lie algebra of G,.

Definition (Transitive action). We say G acts transitively if M is one orbit.
Definition (Free action). We say G acts freely if G, = {e} for all p.

Definition (Locally free action). We say G acts locally freely if g, = {0}, i.e.
G, is discrete.

Definition (Orbit space). The orbit space is M/G, and we write m : M — M /G
for the orbit projection. We equip M /G with the quotient topology.

The main theorem is the following:

Theorem (Marsden—Weinstein, Meyer). Let G be a compact Lie group, and
(M,w) a symplectic manifold with a Hamiltonian G-action with moment map
p: M — g*. Write i : p=1(0) — M for the inclusion. Suppose G acts freely on
= 1(0). Then

(i) Myea = 1~ 1(0)/G is a manifold;
(i) 7 : u=1(0) = Myeq is a principal G-bundle; and
(iii) There exists a symplectic form wyeq on Myeq such that i*w = m*wyeq.

Definition (Symplectic quotient). We call Moq the symplectic quotient /reduced
space / symplectic reduction of (M,w) with respect to the given G-action and
moment map.

What happens if we do reduction at other levels? In other words, what can
we say about u~1(£)/G for other € € g*?

If we want to make sense of this, we need £ to be preserved under the coadjoint
action of GG. This is automatically satisfied if G is abelian, and in this case, we
simply have p=1(&) = ¢1(0), where ¢ = p — £ is another moment map. So this
is not more general.

If ¢ is not preserved by G, then we can instead consider pu=!(€)/Ge, or
equivalently take u~1(O¢)/G. We check that

pHE)/Ge = N (0g) /G = o7 H(0)/G,
where

0: MxO¢f —g"
(psm) = plp) —n
is a moment map for the product action of G on (M x Of,w X we).

So in fact there is no loss in generality for considering just u~1(0).

40



3 Hamiltonian vector fields IIT Symplectic Geometry

Proof. We first show that ;~*(0) is a manifold. This follows from the following
claim:

Claim. G acts locally freely at p iff p is a regular point of pu.

We compute the dimension of im dy, using the rank-nullity theorem. We
know dp,v = 0 iff (dpp,(v), X) =0 for all X € g. We can compute

(dpp(v), X) = (dﬂx)p(v) = (fow)(v) = wp(X#aU)-
Moreover, the span of the X;f is exactly 7,0,. So
kerdu, = (T,0,)~.

Thus,
dim(imdy,) = dim O, = dim G — dim G,,.

In particular, dpu, is surjective iff G|, = 0.
Then (i) and (ii) follow from the following theorem:

Theorem. Let G be a compact Lie group and Z a manifold, and G acts freely
on Z. Then Z/G is a manifold and Z — Z/G is a principal G-bundle.

Note that if G does not act freely on p=!(0), then by Sard’s theorem,
generically, ¢ is a regular value of u, and so pu~1(£) is a manifold, and G acts
locally freely on p=1(€). If p=1(€) is preserved by G, then p=1(£)/G is a
symplectic orbifold.

It now remains to construct the symplectic structure. Observe that if p €
pu~1(0), then

1,0, C Tpop~ ' (0) = ker dp, = (T,0,)“.

So T,0, is an isotropic subspace of (T, M,w). We then observe the following
straightforward linear algebraic result:

Lemma. Let (V,Q) be a symplectic vector space and I an isotropic sub-
space. Then € induces a canonical symplectic structure Q.eq on I%/I, given by

Qrea(ful; [v]) = Q(u, v).

Applying this, we get a canonical symplectic structure on

(T;vop)w _ Tp/‘71 (0)
1,0, 1,0,

= Tip) Mrea-

This defines wyeq on Myeq, which is well-defined because w is G-invariant, and is
smooth by local triviality and canonicity.
It remains to show that dw.eq = 0. By construction, i*w = m*wyeq. S0

7 (dwred) = AT wypeq = di*w = *dw =0
Since 7* is injective, we are done. O

Example. Take

i
(M,w) = ((C”,wo =5 dex Adzg =) dag Adys =) re dry /\d9k> :
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We let G = S' act by multiplication
et (21,0, 20) = (%2, .. e 2,).
This action is Hamiltonian with moment map
p:C" =R

LR
Z =+ .
2 2

The —|—% is useful to make the inverse image of 0 non-degenerate. To check this
is a moment map, we compute

a(58) = a (-3 2) = - L nean.

On the other hand, if

X =a€g=R,
then we have 9 o
X#*=q| —+. ...+ —).
“<891+ +aen>

So we have
Lx#W = *CLZM dry = duX.

It is also clear that u is S'-invariant. We then have
pH0)={zeC": |22 =1} = > L.

Then we have
Meq = p~1(0)/S* = CP" L.

One can check that this is in fact the Fubini-Study form. So (CP" ™! wrg) is
the symplectic quotient of (C",wy) with respect to the diagonal S! action and
the moment map u.

Example. Fix k, ¢ € Z relatively prime. Then S* acts on C? by

EtZQ).

6“(2’1,22) _ (eiktzl’ei
This action is Hamiltonian with moment map
L2
w:C* =R
1
(21,22) = —5 (klaal® + €22 ).
There is no level set of p where the action is free, since
— (#,0) has stabilizer Z/kZ
— (0, z) has stabilizer Z/{Z

— (21, 22) has trivial stabilizer if 21, zo # 0.
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On the other hand, the action is still locally free on C?\ {(0,0)} since the
stabilizers are discrete.

The reduced spaces u~1(£)/St for & # 0 are orbifolds, called weighted or
twisted projective spaces.

The final example is an infinite dimensional one by Atiyah and Bott. We
will not be able to prove the result in full detail, or any detail at all, but we
will build up to the statement. The summary of the result is that performing
symplectic reduction on the space of all connections gives the moduli space of
flat connections.

Let G — P 5 B be a principal G-bundle, and ¢ : G — Diff (P) the associated
free action. Let

dy 1 g = x(P)

X X#
be the associated infinitesimal action. Let Xi,..., X% be a basis of the Lie
algebra g. Then since v is a free action, X f’& yoey X Z& are all linearly independent

at each p € P.
Define the vertical tangent space

V, = span{(X{),,.. ., (X,f)p} C T,P = ker(dmp)
We can then put these together to get V' C TP, the vertical tangent bundle.

Definition (Ehresmann Connection). An (Ehresmann) connection on P is a
choice of subbundle H C T'P such that

() P=Ve&H
(ii) H is G-invariant.
Such an H is called a horizontal bundle.

There is another way of describing a connection. A connection form on P is
a g-valued 1-form A € Q!(P) ® g such that

(i) ixpA=Xforall X € g
(ii) A is G-invariant for the action

g (A ®X;) = (Yy-1)"A; @ Ady X;.

Lemma. Giving an Ehresmann connection is the same as giving a connection
1-form.

Proof. Given an Ehresmann connection H, we define
AP(U) =X,

where v = X# +h, e Vo H.
Conversely, given an A, we define

H, =ker A, ={veT,P:i,A, =0}. O
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We next want to define the notion of curvature. We will be interested in flat
connections, i.e. connections with zero curvature.

To understand curvature, if we have a connection TP =V & H, then we get
further decompositions

T*P=V*@o H*, A (T*P)=(N*V*)o (V*AH*)® (AN*H").

So we end up having

O1(P) = 0Ly (P) & Uy (P)

Q*(P) = Qiery © Umixed © Loy
IfA=Y" 4,8X, €0 ®g, then

dAe P ®yg.
We can then decompose this as
dA = (dA)vert + (dA)mix + (dA)nor-
The first part is uninteresting, in the sense that it is always given by
(dA)vert (X, Y) = [X, Y],
the second part always vanishes, and the last is the curvature form
curvA e Q. ®g.

Definition (Flat connection). A connection A is flat if curv A = 0.

We write A for the space of all connections on P. Observe that if A1, Ay € A,
then A; — Ag is G-invariant and

Lx#(Alon):XfX:(]
for all X € g. So A1 — Ag € (4, ®9)“. So
A= Ao+ (Qor ©0)°,

and Ty, A= (9}, @ 9)¢.

Suppose B is a compact Riemann surface, and G a compact or semisimple
Lie group. Then there exists an Ad-invariant inner product on g. We can then
define

W (Qhor ® 9)9 X (Yhor ®9)° = R,

sending

(ZazXzaszXz) ’—)/ Zai/\bj(Xi,Xj).
B i

This is easily seen to be bilinear, anti-symmetric and non-degenerate. It is also
closed, if suitably interpreted, since it is effectively constant across the affine
space A. Thus, A is an “infinite-dimensional symplectic manifold”.
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To perform symplectic reduction, let G be the gauge group, i.e. the group of
G-equivariant diffeomorphisms f : P — P covering the identity. G acts on A by

V@HHV@HJC,

where Hy is the image of H by df. Atiyah and Bott proved that the action of G
on (A,w) is Hamiltonian with moment map

i A Lie(@)* = (92, © 9)°
A curv A

Performing symplectic reduction, we get
M= (0)/G,

the moduli space of flat connections, which has a symplectic structure. It turns
out this is in fact a finite-dimensional symplectic orbifold.

3.6 The convexity theorem

We focus on the case G = T". It turns out the image of the moment map p has
a very rigid structure.

Theorem (Convexity theorem (Atiyah, Guillemin—Sternberg)). Let (M, w) be
a compact connected symplectic manifold, and

w:M—R"
a moment map for a Hamiltonian torus action. Then
(i) The levels u~!(c) are connected for all ¢
(ii) The image u(M) is convex.
(iii) The image pu(M) is in fact the convex hull of u(M).
We call p(M) the moment polytope.

Here we identify G = T™ ~ R™/Z"™, which gives us an identification g = R"
and g* & (R™)* 2 R".

Example. Consider (M = CP",wrg). T™ acts by letting t = (t1,...,tn) €
77 =2 U(1)™ send

Vi([z0 2 - 2n]) =20t t121 0 -+ ¢ tnzn).
This has moment map

1 (Jz1)% -5 ]2al?)

_§|ZO|2++|ZTL|2

pllzo -+ znl) =

The image of this map is
n 1
wM)=qxzeR :xk§0,11+~~+xnzf§ .
For example, in the CP? case, the moment image lives in R?, and is just
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N[ =

Y

N|—=

The three vertices are p([0: 0:1]), u([0:1:0]) and p([1:0:0]).

We now want to prove the convexity theorem. We first look at (iii). While it
seems like a very strong claim, it actually follows formally from (ii).

Lemma. (ii) implies (iii).

Proof. Suppose the fixed point set of the action has k connected components
Z = Z1U---UZp. Then puis constant on each Z;, since X#|Z7. =0 for all X. Let
w(Z;) = n; € R™. By (ii), we know the convex hull of {5, ...7;} is contained in
(M)

To see that u(M) is exactly the convex hull, observe that if X € R™ has
rationally independent components, so that X topologically generates T', then p
is fixed by T iff X;f‘ =0, iff d/l;);( = 0. Thus, x~ attains its maximum on one of
the Zj.

Now if £ is not in the convex hull of {n;}, then we can pick an X € R™ with
rationally independent components such that (£, X) > (n;, X) for all j, since
the space of such X is open and non-empty. Then

(§,X) > sup (u(p), X) = sup (u(p), X).
peU Z; pEM

So & & p(M). O
With a bit more work, (i) also implies (ii).
Lemma. (i) implies (ii).

Proof. The case n = 1 is immediate, since u(M) is compact and connected,
hence a closed interval.

In general, to show that p(M) is convex, we want to show that the intersection
of (M) with any line is connected. In other words, if 7 : R*™t — R”" is any
projection and v = m o u, then

7 (e) N (M) = p(v=" ()

is connected. This would follow if we knew v~1(c) were connected, which would
follow from (i) if ¥ were a moment map of an T™ action. Unfortunately, most of
the time, it is just the moment map of an R™ action. For it to come from a T™
action, we need 7 to be represented by an integer matrix. Then

T={r"t:teT" =R"/Z"} C T""!

is a subtorus, and one readily checks that v is the moment map for the T" action.
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Now for any pg,p1 € M, we can find p{,p} arbitrarily close to pg,p; and
a line of the form 7—1(¢) with 7 integral. Then the line between p} and p}
is contained in (M) by the above argument, and we are done since p(M) is
compact, hence closed. O

It thus remains to prove (i), where we have to put in some genuine work.
This requires Morse—Bott theory.
Let M be a manifold, dim M = m, and f : M — R a smooth map. Let

Crit(f) ={pe M :df, =0}

be the set of critical points. For p € Crit(f) and (U, z1,...,z,) a coordinate
chart around p, we have a Hessian matriz

_ (. 9
pr - (8:1@18:5])

Definition (Morse(-Bott) function). f is a Morse function if at each p € Crit(f),
H,f is non-degenerate.

f is a Morse—Bott function if the connected components of Crit(f) are
submanifolds and for all p € Crit(p), T}, Crit(f) = ker(H,f).

If f is Morse, then the critical points are isolated. If f is Morse—Bott, then
the Hessian is non-degenerate in the normal bundle to Crit(f).
If M is compact, then there is a finite number of connected components of
Crit(f). So we have
Crit(f)=2Z1U---U Zy,

and the Z; are called the critical submanifolds.
For p € Z;, the Hessian H), f is a quadratic form and we can write

T,M = E; & T,Z & E;,

where E;t are the positive and negative eigenspaces of H, f respectively. Note
that dim E;,t are locally constant, hence constant along Z;. So we can define the
index of Z; to be dim E;", and the coindex to be dim EZ‘)".

We can then define a vector bundle E~ — Z;, called the negative normal
bundle.

Morse theory tells us how the topology of M, = {p € M : f(p) < ¢} changes
with ¢ € R.

Theorem (Morse theory).

(i) If f~1([c1,c2]) does not contain any critical point. Then f~!(cy) = f~(c2)
and M., = M., (where = means diffeomorphic).

(ii) If f~*([e1, c2]) contains one critical manifold Z, then M, ~ M_ UD(E™),
where D(E ™) is the disk bundle of E~.

In particular, if Z is an isolated point, M is, up to homotopy equivalence,
obtained by adding a dim £, -cell to M. O

The key lemma in this proof is the following result:
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Lemma. Let M be a compact connected manifold, and f : M — R a Morse-Bott
function with no critical submanifold of index or coindex 1. Then

(i) f has a unique local maximum and local minimum
(ii) All level sets of f~1(c) are connected.

Proof sketch. There is always a global minimum since f is compact. If there is
another local minimum at ¢, then the disk bundle is trivial, and so in

M;,.~M__UDE")

for € small enough, the union is a disjoint union. So M., has two components.
Different connected components can only merge by crossing a level of index 1,
so this cannot happen. To handle the maxima, consider — f.

More generally, the same argument shows that a change in connectedness
must happen by passing through a index or coindex 1 critical submanifold. [

To apply this to prove the convexity theorem, we will show that for any X,

1~ is a Morse-Bott function where all the critical submanifolds are symplectic.

In particular, they are of even index and coindex.

Lemma. For any X € R", u~ is a Morse-Bott function where all critical
submanifolds are symplectic.

Proof sketch. Note that p is a fixed point iff X;# =0 iff duz)f = 0 iff p is a critical
point. So the critical points are exactly the fixed points of X.

(TpM,wp) models (M, w) in a neighbourhood of p by Darboux theorem. Near
a fixed point 7", an equivariant version of the Darboux theorem tells us there is
a coordinate chart U where (M, w, 1) looks like

w|U = dez A dyi

1
plo = np) = 5 D _(@F + )i,

3

where a; € Z are weights.
Then the critical submanifolds of u are given by

{zi =yi =0:0a; #0},
which is locally a symplectic manifold and has even index and coindex. O
Finally, we can prove the theorem.
Lemma. (i) holds.

Proof. The n =1 case follows from the previous lemmas. We then induct on n.

Suppose the theorem holds for n, and let p = (u1,...,pun) : M — R be
a moment map for a Hamiltonian 77t -action. We want to show that for all
c=(c1,...,cp) € R the set

pte) = prt(e) N Ny (Cogr)

is connected.
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The idea is to set
N = pit(en) N upten),

and then show that p,11|y : N — R is a Morse-Bott function with no critical
submanifolds of index or coindex 1.

We may assume that dpug,...,du, are linearly independent, or equivalently,
duX # 0 for all X € R™. Otherwise, this reduces to the case of an n-torus.

To make sense of IV, we must pick ¢ to be a regular value. Density arguments

imply that
C= U Crit(p¥) = U Crit .
X0 Xezn+1\{0}

Since Crit 4 is a union of codimension > 2 submanifolds, its complement is
dense. Hence by the Baire category theorem, C has dense complement. Then a
continuity argument shows that we only have to consider the case when c is a
regular value of p, hence N is a genuine submanifold of codimension n.

By the induction hypothesis, N is connected. We now show that fi,41|n :
N — R is Morse-Bott with no critical submanifolds of index or coindex 1.

Let x be a critical point. Then the theory of Lagrange multipliers tells us
there are some \; € R such that

ld,un+1 + Z Aidﬂi] =0

n=1

Thus, p is critical in M for the function

p = i + > N,
i=1
where Y = (\1,...,An, 1) € R** 1. So by the claim, p¥ is Morse-Bott with only
even indices and coindices. Let W be a critical submanifold of ¥ containing z.

Claim. W intersects N transversely at x.

If this were true, then pY|x has W N N as a non-degenerate critical sub-
manifold of even index and coindex, since the coindex doesn’t change and W
is even-dimensional. Moreover, when restricted to N, > A\;u; is a constant. So
Unt1|nv satisfies the same properties.

To prove the claim, note that

T,N =kerdui|, N---Nkerdupy|z.

With a moments thought, we see that it suffices to show that duq,...,du,
remain linearly independent when restricted to T, W. Now observe that the
Hamiltonian vector fields X7, ..., X#|, are independent since dp1 |y, . . . dfin|s
are, and they live in T, W since their flows preserve W.

Since W is symplectic (by the claim), for all k¥ = (ki,...ky,), there exists

v € T,W such that
w (Z kin-#\r,v) # 0.

(> kidpus) () # 0. O
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It is natural to seek a non-abelian generalization of this, and it indeed
exists. Let (M,w) be a symplectic manifold, and G a compact Lie group with
a Hamiltonian action on M with moment map p : M — g*. From Lie group
theory, there is a maximal torus 7' C GG with Lie algebra t, and the Weyl group
W = N(T)/T is finite (where N(T') is the normalizer of T').

Then under the coadjoint action, we have

0°/G =W,

Pick a Weyl chamber t of t*, i.e. a fundamental domain of t* under W. Then
p induces a moment map gy : M — t}, and the non-abelian convexity theorem
says

Theorem (Kirwan, 1984). p4 (M) C ¢ is a convex polytope.

We shall end with an application of the convexity theorem to linear algebra.
Let A = (A1, A2) € R? and Ay > )o, and H3 the set of all 2 x 2 Hermitian
matrices with eigenvalues (A1, A2). What can the diagonal entries of A € H3 be?

We can definitely solve this by brute force, since any entry in H looks like

(2 )

where a,b € R and z € C. We know
tra=a+b=MX + Ay
deta = ab — |z|? = M\ Aa.

The first implies b = A\ + A2 — a, and all the second condition gives is that
ab > A\ .

This completely determines the geometry of H3, since for each allowed value
of a, there is a unique value of b, which in turn determines the norm of z.
Topologically, this is a sphere, since there is a S'’s worth of choices of z except
at the two end points ab = A1 \s.

What has this got to do with Hamiltonian actions? Observe that U(2) acts
transitively on H3 by conjugation, and

(S 2

This contains a copy of S* given by

i0
1_ et 0 2
S _{( O e—i@l)}gT'
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We can check that

e 0 a z\ [(e? 0 _1_ a ez
0 e®)\z b 0 e T \etfz b

Thus, if ¢ : H3 — R? is the map that selects the diagonal elements, then

0
et = (e )

|2le

is one S'-orbit. This is reminiscent of the S* action of S? quotienting out to a
line segment.

We can think more generally about HY, the n x n Hermitian matrices with
eigenvalues A\; > --- > \,, and ask what the diagonal elements can be.

Take ¢ : HY — R™ be the map that selects the diagonal entries. Then the
image lies on the plane tr A = > ;. This certainly contain the n! points whose
coordinates are all possible permutation of the )A;, given by the diagonal matrices.

Theorem (Schur-Horn theorem). p(#HY) is the convex hull of the n! points
from the diagonal matrices.

To view this from a symplectic perspective, let M = HY, and U(n) acts
transitively by conjugation. For A C M, let G 4 be the stabilizer of A. Then

Hy = U(n)/G 4.

Thus,

n

1
Ta 2%

ga

where H" is the Hermitian matrices. The point of this is to define a symplectic
form. We define

wA:i'H”xi"H”%]R
(X,Y) s itr([X,Y]A) = i tr(X (YA — AY))

So
kerwag ={Y : [4,Y] =0} = ga.

So w4 induces a non-degenerate form on T4HY. In fact, this gives a symplectic
form on HY.

Let T™ C U(n) be the maximal torus consisting of diagonal entries. We can
show that the T™ action is Hamiltonian with moment map ¢. Since T" fixes
exactly the diagonal matrices, we are done.

3.7 Toric manifolds

What the convexity theorem tells us is that if we have a manifold M with a
torus action, then the image of the moment map is a convex polytope. How
much information is retained by a polytope?

Of course, if we take a torus that acts trivially on M, then no information is
retained.

o1
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Definition (Effective action). An action G on M is effective (or faithful) if
every non-identity g € G moves at least one point of M.

But we can still take the trivial torus 70 that acts trivially, and it will still
be effective. Of course, no information is retained in the polytope as well. Thus,
we want to have as large of a torus action as we can. The following proposition
puts a bound on “how much” torus action we can have:

Proposition. Let (M,w) be a compact, connected symplectic manifold with
moment map g : M — R"™ for a Hamiltonian 7™ action. If the T™ action is
effective, then

(i) There are at least n 4 1 fixed points.
(ii) dim M > 2n.
We first state without proof a result that is just about smooth actions.
Fact. An effective action of T™ has orbits of dimension n. O

This doesn’t mean all orbits are of dimension n. It just means some orbit
has dimension n.

Proof.

(i) If p=(p1,-.., ) : M — R™ and p is a point in an n-dimensional orbit,
then {(du;),} are linearly independent. So pu(p) is an interior point (if p is
not in the interior, then there exists a direction X pointing out of p(M).
So (duX), =0, and du™ gives a non-trivial linear combination of the dsu;’s
that vanishes).

So if there is an interior point, we know (M) is a non-degenerate polytope
in R™. This mean it has at least n + 1 vertices. So there are at least n + 1
fixed points.

(ii) Let O be an orbit of p in M. Then pu is constant on O by invariance of f.
So
T,0 C ker(du,) = (T,0)~.

So all orbits of a Hamiltonian torus action are isotropic submanifolds. So
dim O < 1 dim M. So we are done. O

In the “optimal” case, we have dim M = 2n.

Definition ((Symplectic) toric manifold). A (symplectic) toric manifold is a
compact connected symplectic manifold (M?2",w) equipped with an effective 7"
action of an n-torus together with a choice of corresponding moment map p.

Example. Take (CP",wpg), where the moment map is given by

_} (|21|27"'7‘Zn|2)
2 |Zo|2 + |2’1‘2 + - ‘Zn|2

w(lzo 2111 2]) =

Then this is a symplectic toric manifold.
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Note that if (M,w,Tu) is a toric manifold and u = (po, ..., n) : M — R™,
then puq, ..., u, are commuting integrals of motion

{pi, s} = w(XF,XT) =0.

So we get an integrable system.

The punch line of the section is that there is a correspondence between toric
manifolds and polytopes of a suitable kind. First, we need a suitable notion of
equivalence of toric manifolds.

Definition (Equivalent toric manifolds). Fix a torus T = R?"/(27Z)", and
fix an identification t* = t = R™. Given two toric manifolds (M;,w;, T, u;) for
i =1,2, We say they are

(i) equivalent if there exists a symplectomorphism ¢ : M7 — M such that
p(z-p) =z p(p) and pz 0 p = .

(ii) weakly equivalent if there exists an automorphism A : T'— T and ¢ : M; —
M symplectomorphism such that ¢(z,p) = A(x) - p(p).

We also need a notion of equivalence of polytopes. Recall that Aut(T) =
GL(n,Z), and we can define

Definition.
AGL(n,Z) ={x— Bz +c: B € GL(n,Z),c € R"}.

Finally, not all polytopes can arise from the image of a moment map. It is
not hard to see that the following are some necessary properties:

Definition (Delzant polytope). A Delzant polytope in R™ is a compact convex
polytope satisfying

(i) Simplicity: There exists exactly n edges out meeting at each vertex.

(ii) Rationality: The edges meeting at each vertex P are of the form P + tu;
for t > 0 and u; € Z™.

(iii) Smoothness: For each vertex, the corresponding w;’s can be chosen to be a
Z-basis of Z".

Observe that all polytopes arising as (M) satisfy these properties.

We can equivalently define rationality and smoothness as being the exact
same conditions on the outward-pointing normals to the facets (co-dimension 1
faces) meeting at P.

Example. In R, there is any Delzant polytope is a line segment. This corre-
sponds to the toric manifold 2 = CP! as before, and the length of the polytope
corresponds to the volume of CP' under w.

Example. In R?, this is Delzant polytope:
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On the other hand, this doesn’t work:

since on the bottom right vertex, we have

-1 -1
det(o 2>27£ﬁ:1.

To fix this, we can do

1

Of course, we can also do boring things like rectangles.

There is in fact a classification of all Delzant polytopes in R2, but we shall
not discuss this.

Example. The rectangular pyramid in R? is not Delzant because it is not simple.
The tetrahedron is.

Theorem (Delzant). There are correspondences

{symplectic toric manifolds}

. — Del 1
up to equivalence { elzant polytopes }

symplectic toric manifolds Delzant polytopes
up to weak equivalence modulo AGL(n, Z)

Proof sketch. Given a Delzant polytope A in (R™)* with d facets, we want to
construct (Ma,wa,Ta, pa) with pa(Ma) = A. The idea is to perform the
construction for the “universal” Delzant polytope with d facets, and then obtain
the desired M as a symplectic reduction of this universal example. As usual,
the universal example will be “too big” to be a genuine symplectic toric manifold.
Instead, it will be non-compact.

If A has d facets with primitive outward-point normal vectors vy, ...,vq (i.e.
they cannot be written as a Z-multiple of some other Z-vector), then we can

write A as
A={zeR") :(r,v;) <A fori=1,...,d}

for some \;.
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There is a natural (surjective) map 7 : R? — R™ that sends the basis vector
eq of R% to vy. If A = (A,...,q), and we have a pullback diagram

A . RY

J £

*

(R")* SN (Rd)*
where
RS = {X € (RY)*: (X, e;) < A, for all i}.
In more down-to-earth language, this says
*(x) ERY <=z € A,

which is evident from definition.
Now there is a universal “toric manifold” with (M) = R4, namely (C%,wp)
with the diagonal action

(t1, .. stq) - (21,0, 2a) = (€121, .. €' z,),

using the moment map

1
d(21,...,24) = —§(|z1|2,...,|zd|2) + (A, Ad)-

We now want to pull this back along 7*. To this extent, note that 7w sends
74 to Z™, hence induces a map T% — T™ with kernel N. If n is the Lie algebra
of N, then we have a short exact sequence

0 — (R™)* =5 (RY* -5 n* — 0.
Since im 7* = keri*, the pullback of C? along 7* is exactly

Z = (i* 0 $)71(0).

It is easy to see that this is compact.

Observe that i* o ¢ is exactly the the moment map of the induced action
by N. So Z/N is the symplectic reduction of C% by N, and in particular has a
natural symplectic structure. It is natural to consider Z/N instead of Z itself,
since Z carries a T action, but we only want to be left with a 7™ action. Thus,
after quotienting out by N, the T action becomes a T9/N = T" action, with
moment map given by the unique factoring of

Z — C¢ = (RY)*

through (R™)*. The image is exactly A. O
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4 Symplectic embeddings

We end with a tiny chapter on symplectic embeddings, as promised in the course
description.

Definition (Symplectic embedding). A symplectic embedding is an embedding
© : My < My such that ¢*ws = wy. The notation we use is (My,w) <> (Ma,ws).

A natural question to ask is, if we have two symplectic manifolds, is there a
symplectic embedding between them?

For concreteness, take (C™,wp) = (R?",wy), and consider the subsets B2"(r)
and Z?"(R) = B?(R) x R?"~2 (where the product is one of symplectic manifolds).
If » < R, then there is a natural inclusion of B%"(r) into Z?"(R)? If we only
ask for volume-preserving embeddings, then we can always embed B2"(r) into
Z*"(R), since Z*"(R) has infinite volume. It turns out, if we require the
embedding to be symplectic, we have

Theorem (Non-squeezing theorem, Gromov, 1985). There is an embedding
B2(n) — Z?"(R) iff r < R.

When studying symplectic embeddings, it is natural to consider the following:

Definition (Symplectic capacity). A symplectic capacity is a function ¢ from
the set of 2n-dimensional manifolds to [0, cc] such that

(i) Monotonicity: if (M7,w1) — (Ma,ws), then ¢(Mi,w1) < c(Ma,ws).
(ii) Conformality: ¢(M, Aw) = Ac(M,w).
(iii) Non-triviality: ¢(B?"(1),wp) > 0 and ¢(Z?*"(1),wp) < 00.
If we only have (i) and (ii), this is called a generalized capacity.
Note that the volume is a generalized capacity, but not a symplectic capacity.

Proposition. The existence of a symplectic capacity is equivalent to Gromov’s
non-squeezing theorem.

Proof. The = direction is clear by monotonicity and conformality. Conversely,
if we know Gromov’s non-squeezing theorem, we can define the Gromov width

Wa(M,w) = Sup{7rr2 | (B2”(r),w0) — (M,w)}.

This clearly satisfies (i) and (ii), and (iii) follows from Gromov non-squeezing.
Note that Darboux’s theorem says there is always an embedding of B2"(r) into
any symplectic manifold as long as r is small enough. O
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exactly homotopic, 15

first integral, 32

flat connection, 44
forms of type (p,q), 19
free action, 40
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gauge group, 45
generalized capacity, 56
generating function, 8, 10

Hamilton equations, 32
Hamiltonian, 35
Hamiltonian action, 37, 38
Hamiltonian function, 30, 32
Hamiltonian system, 32
Hamiltonian vector field, 30
harmonic form, 27

Hessian matrix, 47
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Hodge decomposition theorem, 25,
27, 28

Hodge diamond, 29

Hodge numbers, 28

Hodge star, 26

hodge star, 25

Hodge symmetry, 28

holomorphic tangent vector, 18

horizontal bundle, 43

independent integrals of motion, 32

index, 47

integrable almost complex
structures, 17

integral of motion, 32

isotopic, 5

isotropic subspace, 4

isotropy group, 40

Kahler form, 21
Kahler manifold, 21
Kahler potential, 23
Kahler submanifold, 23

Lagrangian function, 35, 36

Lagrangian neighbourhood theorem,
13

Lagrangian submanifold, 8

Lagrangian subspace, 4

Laplace—Beltrami operator, 26

Laplacian, 26

left-invariant vector field, 38

Legendre condition, 36

Lie algebra, 38

Lie bracket, 31

Liouville torus, 34

local Kéhler potential, 24

locally free action, 40

moment map, 39
moment polytope, 45
momentum, 34
Morse function, 47
Morse theory, 47
Morse—Bott function, 47
Moser’s equation, 6
Moser’s trick, 5

relative, 6

negative normal bundle, 47
Newlander—Nirenberg, 20
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Newton’s second law, 34
Nijenhuis torsion, 21
non-degenerate bilinear map, 3
non-degenerate function, 15
non-squeezing theorem, 56

orbit, 40
orbit space, 40

periodic point, 11

phase space, 6, 35

Poincaré’s last geometric theorem,
13

Poisson algebra, 32

Poisson bracket, 31

polar decomposition, 16, 17

product form, 9

rank, 3
reduced space, 40
relative Moser’s trick, 6

Schur-Horn theorem, 51
Serre duality, 28
spsh, 23
stabilizer, 40
strictly plurisubharmonic, 23
strongly isotopic, 5
symplectic action, 37
symplectic basis, 4
symplectic capacity, 56
symplectic embedding, 56
symplectic form, 4
symplectic manifold, 4
symplectic quotient, 40
symplectic reduction, 40
symplectic subspace, 4
symplectic toric manifold, 52
symplectic vector field, 31
symplectic vector space, 3
symplectomorphic, 5
symplectomorphism, 4
symplectomorphism generated by f,
10

tautological 1-form, 7

toric manifold, 52

transitive action, 40

twisted product form, 9
twisted projective spaces, 43
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vertical tangent bundle, 43 Weyl chamber, 50
vertical tangent space, 43 Weyl group, 50

weighted projective space, 43 Whitney extension theorem, 14
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