Part IB — Complex Analysis

Based on lectures by I. Smith
Notes taken by Dexter Chua

Lent 2016

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

Analytic functions
Complex differentiation and the Cauchy-Riemann equations. Examples. Conformal
mappings. Informal discussion of branch points, examples of log z and z°. [3]

Contour integration and Cauchy’s theorem

Contour integration (for piecewise continuously differentiable curves). Statement and
proof of Cauchy’s theorem for star domains. Cauchy’s integral formula, maximum
modulus theorem, Liouville’s theorem, fundamental theorem of algebra. Morera’s
theorem. [5]

Expansions and singularities

Uniform convergence of analytic functions; local uniform convergence. Differentiability
of a power series. Taylor and Laurent expansions. Principle of isolated zeros. Residue
at an isolated singularity. Classification of isolated singularities. [4]

The residue theorem

Winding numbers. Residue theorem. Jordan’s lemma. Evaluation of definite integrals
by contour integration. Rouché’s theorem, principle of the argument. Open mapping
theorem. [4]
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0 Introduction

Complex analysis is the study of complex differentiable functions. While this
sounds like it should be a rather straightforward generalization of real analysis,
it turns out complex differentiable functions behave rather differently. Requir-
ing that a function is complex differentiable is a very strong condition, and
consequently these functions have very nice properties.

One of the most distinguishing results from complex analysis is Liouville’s
theorem, which says that every bounded complex differentiable function f :
C — C must be constant. This is very false for real functions (e.g. sinz). This
gives a strikingly simple proof of the fundamental theorem of algebra — if the
polynomial p has no roots, then 1 is well-defined on all of C, and it is easy to
show this must be bounded. So p is constant.

Many things we hoped were true in real analysis are indeed true in complex
analysis. For example, if a complex function is once differentiable, then it is
infinitely differentiable. In particular, every complex differentiable function has
a Taylor series and is indeed equal to its Taylor series (in reality, to prove these,
we show that every complex differentiable function is equal to its Taylor series,
and then notice that power series are always infinitely differentiable).

Another result we will prove is that the uniform limit of complex differentiable
functions is again complex differentiable. Contrast this with the huge list of
weird conditions we needed for real analysis!

Not only is differentiation nice. It turns out integration is also easier in
complex analysis. In fact, we will exploit this fact to perform real integrals by
pretending they are complex integrals. However, this will not be our main focus
here — those belong to the IB Complex Methods course instead.
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1 Complex differentiation

1.1 Differentiation

We start with some definitions. As mentioned in the introduction, Liouville’s
theorem says functions defined on the whole of C are often not that interesting.
Hence, we would like to work with some subsets of C instead. As in real analysis,
for differentiability to be well-defined, we would want a function to be defined
on an open set, so that we can see how f : U — C varies as we approach a point
zp € U from all different directions.

Definition (Open subset). A subset U C C is open if for any x € U, there is
some ¢ > 0 such that the open ball B.(z) = B(z;e) C U.

The notation used for the open ball varies form time to time, even within
the same sentence. For example, instead of putting € as the subscript, we could
put x as the subscript and ¢ inside the brackets. Hopefully, it will be clear from
context.

This is good, but we also want to rule out some silly cases, such as functions
defined on subsets that look like this:

This would violate results such as functions with zero derivative must be constant.
Hence, we would require our subset to be connected. This means for any two
points in the set, we can find a path joining them. A path can be formally
defined as a function v : [0, 1] — C, with start point v(0) and end point (1).

Definition (Path-connected subset). A subset U C C is path-connected if for
any z,y € U, there is some 7 : [0,1] — U continuous such that v(0) =  and
V(1) =y.

Together, these define what it means to be a domain. These are (usually)
things that will be the domains of our functions.

Definition (Domain). A domain is a non-empty open path-connected subset
of C.

With this, we can define what it means to be differentiable at a point. This
is, in fact, exactly the same definition as that for real functions.

Definition (Differentiable function). Let U C C be a domain and f: U — C
be a function. We say f is differentiable at w € U if

exists.

Here we implicitly require that the limit does not depend on which direction
we approach w from. This requirement is also present for real differentiability, but
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there are just two directions we can approach w from — the positive direction
and the negative direction. For complex analysis, there are infinitely many
directions to choose from, and it turns out this is a very strong condition to
impose.

Complex differentiability at a point w is not too interesting. Instead, what we
want is a slightly stronger condition that the function is complex differentiable
in a neighbourhood of w.

Definition (Analytic/holomorphic function). A function f is analytic or holo-
morphic at w € U if f is differentiable on an open neighbourhood B(w,¢) of w
(for some ¢).

Definition (Entire function). If f : C — C is defined on all of C and is
holomorphic on C, then f is said to be entire.

It is not universally agreed what the words analytic and holomorphic should
mean. Some people take one of these word to mean instead that the function
has a (and is given by the) Taylor series, and then take many pages to prove
that these two notions are indeed the same. But since they are the same, we
shall just opt for the simpler definition.

The goal of the course is to develop the rich theory of these complex dif-
ferentiable functions and see how we can integrate them along continuously
differentiable (C') paths in the complex plane.

Before we try to achieve our lofty goals, we first want to figure out when
a function is differentiable. Sure we can do this by checking the definition
directly, but this quickly becomes cumbersome for more complicated functions.
Instead, we would want to see if we can relate complex differentiability to real
differentiability, since we know how to differentiate real functions.

Given f : U — C, we can write it as f = u + iv, where u,v : U — R are
real-valued functions. We can further view u and v as real-valued functions of
two real variables, instead of one complex variable.

Then from IB Analysis II, we know this function w : U — R is differentiable
(as a real function) at a point (c,d) € U, with derivative Du)..qy = (A, pt), if and
only if

u(z,y) —u(e,d) — (Mz —¢) + ply — d))
(2, y) — (¢, d)||

This allows us to come up with a nice criterion for when a complex function is
differentiable.

—0 as (x,y) = (¢, d).

Proposition. Let f be defined on an open set U C C. Let w = c+id € U and
write f = u + iv. Then f is complex differentiable at w if and only if v and v,
viewed as a real function of two real variables, are differentiable at (¢, d), and

Uy = Uy,

Uy = —Vp.
These equations are the Cauchy-Riemann equations. In this case, we have

I'(w) = ug(c,d) + ivg(c,d) = vy(c, d) — iuy(c,d).
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Proof. By definition, f is differentiable at w with f’(w) = p + iq if and only if

i L&) = f(w) = (p +ig) (2 —w)

z—w zZ—w

=0. (1)
If z = x + 1y, then

(p+iq)(z —w) =p(z —c) —qly —d) +i(q(z — ) + p(y — ¢)).
So, breaking into real and imaginary parts, we know (1) holds if and only if

W@y —uled) — (plx —c) — gy —d)
(@,y)—(c.d) V(i —e)2+ (y—d)?

=0

and
L vl@y) —vled) (gl — o)+ ply ~ )
(z,y)—(c,d) V(T —e)2+ (y—d)?
Comparing this to the definition of the differentiability of a real-valued function,
we see this holds exactly if u and v are differentiable at (¢, d) with

=0.

Du|(c,d) = (pa —Q)» DU|(c,d) = (qvp) O

A standard warning is given that f: U — C can be written as f = u + v,
where u, = v, and u, = —v, at (¢,d) € U, we cannot conclude that f is complex
differentiable at (¢, d). These conditions only say the partial derivatives exist,
but this does not imply imply that v and v are differentiable, as required by the
proposition. However, if the partial derivatives exist and are continuous, then
by IB Analysis II we know they are differentiable.

Example.

(i) The usual rules of differentiation (sum rule, product, rule, chain rule,
derivative of inverse) all hold for complex differentiable functions, with the
same proof as the real case.

(ii) A polynomial p : C — C is entire. This can be checked directly from
definition, or using the product rule.

(iii) A rational function ZE? : U — C, where U C C\ {z : q(z) = 0}, is

holomorphic on any such U. Here p, q are polynomials.

(iv) f(z) = |z| is not complex differentiable at any point of C. Indeed, we can
write this as f = u + v, where

u(z,y) = Va2 +y%, v(zr,y) =0.

If (z,y) # (0,0), then

Uy

_ = _ Yy

If we are not at the origin, then clearly both cannot vanish, but the partials
of v both vanish. Hence the Cauchy-Riemann equations do not hold and
it is not differentiable outside of the origin.
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At the origin, we can compute directly that

) = 1) _ nl
h h’
This is, say, +1 for h € RT and —1 for h € R™. So the limit as h — 0 does

not exist.

1.2 Conformal mappings

The course schedules has a weird part where we are supposed to talk about
conformal mappings for a lecture, but not use it anywhere else. We have to put
them somewhere, and we might as well do it now. However, this section will be
slightly disconnected from the rest of the lectures.

Definition (Conformal function). Let f : U — C be a function holomorphic at
weU. If f'(w) #0, we say f is conformal at w.

What exactly does f/(w) # 0 tell us? In the real case, if we know a function
f : (a,b) — R is continuous differentiable, and f'(c) # 0, then f is locally
increasing or decreasing at ¢, and hence has a local inverse. This is also true in
the case of complex functions.

We write f = u -+ v, then viewed as a map R? — R?, the Jacobian matrix is

given by
_ [ Uz Uy
Df = (vm vy> )

det(Df) = ugvy — uyvy = ui + ul.

Then

Using the formula for the complex derivative in terms of the partials, this shows
that if f'(w) # 0, then det(Df|,,) # 0. Hence, by the inverse function theorem
(viewing f as a function R? — R?), f is locally invertible at w (technically, we
need f to be continuously differentiable, instead of just differentiable, but we
will later show that f in fact must be infinitely differentiable). Moreover, by
the same proof as in real analysis, the local inverse to a holomorphic function is
holomorphic (and conformal).

But being conformal is more than just being locally invertible. An important
property of conformal mappings is that they preserve angles. To give a precise
statement of this, we need to specify how “angles” work.

The idea is to look at tangent vectors of paths. Let v1,7v2 : [-1,1] = U be
continuously differentiable paths that intersect when ¢ = 0 at w = 71 (0) = 72(0).
Moreover, assume 7;(0) # 0.

Then we can compare the angles between the paths by looking at the difference
in arguments of the tangents at w. In particular, we define

angle(v1,72) = arg(y1(0)) — arg(v5(0)).

Let f:U — C and w € U. Suppose f is conformal at w. Then f maps our two
paths to fo~; : [-1,1] — C. These two paths now intersect at f(w). Then the



1 Complex differentiation IB Complex Analysis

angle between them is

angle(f o 71, f 0 72) = arg((f o 11)(0)) — arg((f 0 72)'(0))
—ar (f o) (0)
- g((fcw)’@))
—ar 71(0)
- g(%(m)

= angle(v1,72),

using the chain rule and the fact that f'(w) # 0. So angles are preserved.

What else can we do with conformal maps? It turns out we can use it to
solve Laplace’s equation.

We will later prove that if f : U — C is holomorphic on an open set U, then
f': U — Cis also holomorphic. Hence f is infinitely differentiable.

In particular, if we write f = u + tv, then using the formula for f’ in terms
of the partials, we know u and v are also infinitely differentiable. Differentiating
the Cauchy-Riemann equations, we get

Ugy = Vyg = —Uyy-

In other words,

Ugy + Uyy = 0,
We get similar results for v instead. Hence Re(f) and Im(f) satisfy the Laplace
equation and are hence harmonic (by definition).

Definition (Conformal equivalence). If U and V are open subsets of C and
f:U — V is a conformal bijection, then it is a conformal equivalence.

Note that in general, a bijective continuous map need not have a continuous
inverse. However, if we are given further that it is conformal, then the inverse
mapping theorem tells us there is a local conformal inverse, and if the function
is bijective, these patch together to give a global conformal inverse.

The idea is that if we are required to solve the 2D Laplace’s equation on
a funny domain U subject to some boundary conditions, we can try to find a
conformal equivalence f between U and some other nice domain V. We can
then solve Laplace’s equation on V subject to the boundary conditions carried
forward by f, which is hopefully easier. Afterwards, we pack this solution into
the real part of a conformal function g, and then go f : U — C is a holomorphic
function on U whose real part satisfies the boundary conditions we want. So we
have found a solution to Laplace’s equation.

You will have a chance to try that on the first example sheet. Instead, we
will focus on finding conformal equivalences between different regions, since
examiners like these questions.

Example. Any M6bius map A(z) = %Idb (with ad —be # 0) defines a conformal
equivalence CU {oo} — CU {0} in the obvious sense. A’(z) # 0 follows from
the chain rule and the invertibility of A(z).

In particular, the Mobius group of the disk
Mob(D) = {f € Mobius group : f(D) = D}

—{/\Z_a €M6b:a|<1,|)\|—1}
az —1



1 Complex differentiation IB Complex Analysis

is a group of conformal equivalences of the disk. You will prove that the M&bius
group of the disk is indeed of this form in the first example sheet, and that these
are all conformal equivalences of the disk on example sheet 2.

Example. The map z — 2" for n > 2 is holomorphic everywhere and conformal
except at z = 0. This gives a conformal equivalence

{ze(C*:O<arg(z)<%}<—>H,

where we adopt the following notation:

Notation. We write C* = C\ {0} and
H={z € C:Im(z) > 0}
is the upper half plane.

Example. Note that z € H if and only if z is closer to ¢ than to —i. In other
words,
|z —i| < |z +1],
or
z—1

| <1
zZ4+1

So z +— i—;i defines a conformal equivalence H — D, the unit disk. We know

this is conformal since it is a special case of the M6bius map.

Example. Consider the map

> (++3)
z—w=—-\z+—-|,
2 z

assuming z € C*. This can also be written as

wHl o2 4 A (24 2

w—1 w—1 z+%—2_ 22-2241 \z—-1) "~

e . . . . +1 . .
So this is just squaring in some funny coordinates given by 2t5. This map is

holomorphic (except at z = 0). Also, we have

22 +1
222

flz)=1-

So f is conformal except at +1.

Recall that the first thing we learnt about Mobius maps is that they take
lines and circles to lines and circles. This does something different. We write
z =re'?. Then if we write z — w = u + iv, we have

1( 1)
u=—(r+—]cosé
2 T
1 1
v(r)sin@
2 T
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Fixing the radius and argument fixed respectively, we see that a circle of radius
p is mapped to the ellipse

u? v?

2:
1 1 1 1
Herd) t(e-3)

while the half-line arg(z) = p is mapped to the hyperbola

b

u? v?

=1.
cos? i sin®

We can do something more interesting. Consider a off-centered circle, chosen to
pass through the point —1 and —i. Then the image looks like this:

Note that we have a singularity at f(—1) = —1. This is exactly the point where
f is not conformal, and is no longer required to preserve angles.

This is a crude model of an aerofoil, and the transformation is known as the
Joukowsky transform.

In applied mathematics, this is used to model fluid flow over a wing in terms
of the analytically simpler flow across a circular section.

We interlude with a little trick. Often, there is no simple way to describe
regions in space. However, if the region is bounded by circular arcs, there is a
trick that can be useful.

Suppose we have a circular arc between « and .

{0

Along this arc, p = 0 — ¢ = arg(z — «) — arg(z — 3) is constant, by elementary
geometry. Thus, for each fixed pu, the equation
arg(z — ) — arg(z — ) =

determines an arc through the points «, 3.

To obtain a region bounded by two arcs, we find the two p_ and py that
describe the boundary arcs. Then a point lie between the two arcs if and only if
its p is in between p_ and p, i.e. the region is

{z s arg (j:g) € [u,u+]}~

10
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This says the point has to lie in some arc between those given by p_ and gy
For example, the following region:

can be given by

Thus for instance the map

<2—1>2
Z = —
z4+1

is a conformal equivalence from U to H. This is since if z € U, then 2=

z+1
argument in [%,w], and can have arbitrary magnitude since z can be made

as close to —1 as you wish. Squaring doubles the angle and gives the lower
half-plane, and multiplying by —1 gives the upper half plane.

has

In fact, there is a really powerful theorem telling us most things are conformally
equivalent to the unit disk.

Theorem (Riemann mapping theorem). Let & C C be the bounded domain
enclosed by a simple closed curve, or more generally any simply connected domain
not equal to all of C. Then U is conformally equivalent to D = {z : |z| < 1} C C.
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This in particular tells us any two simply connected domains are conformally
equivalent.
The terms simple closed curve and simply connected are defined as follows:

Definition (Simple closed curve). A simple closed curve is the image of an
injective map S' — C.

It should be clear (though not trivial to prove) that a simple closed curve
separates C into a bounded part and an unbounded part.
The more general statement requires the following definition:

Definition (Simply connected). A domain U C C is simply connected if every
continuous map from the circle f : S ! — U can be extended to a continuous
map from the disk F': D? — U such that F|,55 = f. Alternatively, any loop
can be continuously shrunk to a point.

Example. The unit disk is simply-connected, but the region defined by 1 <
|z| < 2 is not, since the circle |z| = 1.5 cannot be extended to a map from a disk.

A

4R
w

Y

We will not prove this statement, but it is nice to know that this is true.

If we believe that the unit disk is relatively simple, then since all simply
connected regions are conformally equivalent to the disk, all simply connected
domains are boring. This suggests we will later encounter domains with holes to
make the course interesting. This is in fact true, and we will study these holes
in depth later.

Example. The exponential function

2 23

z
z __ - J— “e
e —1+z+2! +3! +
defines a function C — C*. In fact it is a conformal mapping. This sends
the region {2 : Re(z) € [a,b]} to the annulus {e® < |w| < €b}. One is simply
connected, but the other is not — this is not a problem since e* is not bijective
on the strip.

12
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N an
{ w

|

Y

1.3 Power series

Some of our favorite functions are all power series, including polynomials (which
are degenerate power series in some sense), exponential functions and trigono-
metric functions. We will later show that all holomorphic functions are (locally)
given by power series, but without knowing this fact, we shall now study some
of the basic properties of power series.

It turns out power series are nice. The key property is that power series
are infinitely differentiable (as long as it converges), and the derivative is given
pointwise.

We begin by recalling some facts about convergence from IB Analysis II.

Definition (Uniform convergence). A sequence (f,) of functions converge
uniformly to f if for all € > 0, there is some N such that n > N implies
|fn(2) = f(2)] < e for all z.

Proposition. The uniform limit of continuous functions is continuous.

Proposition (Weierstrass M-test). For a sequence of functions f,, if we can
find (M,,) C Rsg such that |f,(z)| < M, for all = in the domain, then M,
converges implies Y f,,(x) converges uniformly on the domain.

Proposition. Given any constants {c, },>0 C C, there is a unique R € [0, o0]
such that the series z — Y 07 ¢, (z — a)™ converges absolutely if [z — a| < R
and diverges if |z — a| > R. Moreover, if 0 < r < R, then the series converges
uniformly on {z : |z — a| < r}. This R is known as the radius of convergence.

So while we don’t necessarily get uniform convergence on the whole domain,
we get uniform convergence on all compact subsets of the domain.

We are now going to look at power series. They will serve as examples, and
as we will see later, universal examples, of holomorphic functions. The most
important result we need is the following result about their differentiability.

Theorem. Let

f(z) = ch(z —a)"

be a power series with radius of convergence R > 0. Then

(i) f is holomorphic on B(a; R) = {z: |z —a| < R}.

13
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(ii) f'(2) =Y. ncn(z — 1)1, which also has radius of convergence R.

(iii) Therefore f is infinitely complex differentiable on B(a; R). Furthermore,

_ /()

n!

Cn

Proof. Without loss of generality, take a = 0. The third part obviously follows
from the previous two, and we will prove the first two parts simultaneously. We
would like to first prove that the derivative series has radius of convergence R,
so that we can freely happily manipulate it.

Certainly, we have |nc,| > |c,|. So by comparison to the series for f, we can
see that the radius of convergence of Y nc, 2"~ ! is at most R. But if |z| < p < R,

then we can see L
e

n71| = —0

|nc, z

lenp =t

z
p
as n — 00. So by comparison to > ¢,p" "1, which converges, we see that the
radius of convergence of Y nc, 2" ! is at least p. So the radius of convergence
must be exactly R.

Now we want to show f really is differentiable with that derivative. Pick

z,w such that |z|, Jw| < p for some p < R as before.
Define a new function

n—

[e9) 1
o(z,w) = ch Z P,
=0

n=1 j=
Noting
n—1
an PR i < nle,|p",
=0

we know the series defining ¢ converges uniformly on {|z| < p, |w| < p}, and
hence to a continuous limit.
If 2z # w, then using the formula for the (finite) geometric series, we know

o(ew) = ﬁ_’j (o) S-S

w Z—w

On the other hand, if z = w, then

oo

o(z,2) = Z conz™

n=1

Since ¢ is continuous, we know

lim 7“2) : Z}(w) — i eonz" L
n=1

w—rz zZ

So f'(z) = ¢(z, z) as claimed. Then (iii) follows from (i) and (ii) directly. O

14
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Corollary. Given a power series

with radius of convergence R > 0, and given 0 < ¢ < R, if f vanishes on B(a,¢),
then f vanishes identically.

Proof. If f vanishes on B(a,¢), then all its derivatives vanish, and hence the
coefficients all vanish. So it is identically zero. O

This is obviously true, but will come up useful some time later.
It is might be useful to have an explicit expression for R. For example, by
TA Analysis I, we know

R =sup{r > 0:|c,|r" — 0 as n — oo}
1

 limsup {/]cnl|

But we probably won’t need these.

1.4 Logarithm and branch cuts
Recall that the exponential function

22 2’3
—_ =+

e =exp(z) =142+ o1 T

has a radius of convergence of co. So it is an entire function. We have the usual
standard properties, such as e*T% = e%e®, and also

et = %' = e*(cosy + isiny).

So given w € C* = C\ {0}, there are solutions to e* = w. In fact, this
has infinitely many solutions, differing by adding integer multiples of 27i. In
particular, e* = 1 if and only if z is an integer multiple of 27i.

This means e does not have a well-defined inverse. However, we do want to
talk about the logarithm. The solution would be to just fix a particular range
of 6 allowed. For example, we can define the logarithm as the function sending
re'? to logr + if, where we now force —m < § < m. This is all well, except it
is now not defined at —1 (we can define it as, say, im, but we would then lose
continuity).

There is no reason why we should pick —7 < 6 < w. We could as well require
3007 < 6 < 3027. In general, we make the following definition:

Definition (Branch of logarithm). Let U C C* be an open subset. A branch of
the logarithm on U is a continuous function \ : U — C for which e*®) = 2 for
all z e U.

This is a partially defined inverse to the exponential function, only defined
on some domain U. These need not exist for all U. For example, there is no
branch of the logarithm defined on the whole C*, as we will later prove.

15
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Example. Let U = C\ R<p, a “slit plane”.
A

Y

Then for each z € U, we write z = 7%, with —m < § < 7. Then A\(z) = log(r)+if
is a branch of the logarithm. This is the principal branch.

On U, there is a continuous function arg : U — (—m, w), which is why we can
construct a branch. This is not true on, say, the unit circle.

Fortunately, as long as we have picked a branch, most things we want to be
true about log is indeed true.

Proposition. On {z € C : z ¢ R<q}, the principal branch log : U — C is
holomorphic function. Moreover,

d1 1
gz =~
If |z| < 1, then
z" 22 28
log(1 = S K e I
og(l+2) = (- =2- 43

n>1

Proof. That logarithm is holomorphic follows from the chain rule and el°8% = 2.
This shows & (logz) = 2.

To show that log(1 + z) is indeed given by the said power series, note that
the power series does have a radius of convergence 1 by, say, the ratio test. So

by the previous result, it has derivative

1
l—z4+224-- = .
1+2

Therefore, log(1 + z) and the claimed power series have equal derivative, and
hence coincide up to a constant. Since they agree at z = 0, they must in fact be
equal. O

Having defined the logarithm, we can now define general power functions.
Let @ € C and log : U — C be a branch of the logarithm. Then we can define

P log =z

on U. This is again only defined when log is.
In a more general setting, we can view log as an instance of a multi-valued
function on C*. At each point, the function log can take many possible values,

16
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and every time we use log, we have to pick one of those values (in a continuous
way).

In general, we say that a point p € C is a branch point of a multivalued
function if the function cannot be given a continuous single-valued definition in
a (punctured) neighbourhood B(p,¢) \ {p} of p for any € > 0. For example, 0 is
a branch point of log.

Example. Consider the function

f(z)=+z(z—-1).

This has two branch points, z = 0 and z = 1, since we cannot define a square
root consistently near 0, as it is defined via the logarithm.

Note we can define a continuous branch of f on either

A

Y

or we can just kill a finite slit by

Y

Why is the second case possible? Note that

f(z)= ¢ 3 (log(2)+log(z—1))

If we move around a path encircling the finite slit, the argument of each of log(2)
and log(z — 1) will jump by 274, and the total change in the exponent is 27i. So
the expression for f(z) becomes uniquely defined.

While these two ways of cutting slits look rather different, if we consider this
to be on the Riemann sphere, then these two cuts now look similar. It’s just
that one passes through the point co, and the other doesn’t.

The introduction of these slits is practical and helpful for many of our
problems. However, theoretically, this is not the best way to think about multi-
valued functions. A better treatment will be provided in the IID Riemann
Surfaces course.

17
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2 Contour integration

In the remaining of the course, we will spend all our time studying integration of
complex functions. At first, you might think this is just an obvious generalization
of integration of real functions. This is not true. Starting from Cauchy’s theorem,
beautiful and amazing properties of complex integration comes one after another.
Using these, we can prove many interesting properties of holomorphic functions
as well as do lots of integrals we previously were not able to do.

2.1 Basic properties of complex integration

We start by considering functions f : [a,b] — C. We say such a function is
Riemann integrable if Re(f) and Im(f) are individually, and the integral is
defined to be

b b b
/f(t) dt:/ Re(f(t)) dt+i/ Tm(£(¢)) dt.

While Riemann integrability is a technical condition to check, we know that all
continuous functions are integrable, and this will apply in most cases we care
about in this course. After all, this is not a course on exotic functions.

We start from some less interesting facts, and slowly develop and prove some
really amazing results.

Lemma. Suppose f : [a,b] — C is continuous (and hence integrable). Then

/fdt

with equality if and only if f is constant.

Proof. We let
b
0 = arg (/ f(@) dt) ,

M=Slgp|f(t)\-

—a) Sgplf(t)l

and

Then we have

b
t) dt :/ e f(t) dt
b .
- / Re(e=i £(1)) dt
<(b-a)M
with equality if and only if |f(¢)] = M and arg f(¢t) = 6 for all ¢, ie. f is
constant. O

Integrating functions of the form f : [a,b] — C is easy. What we really care
about is integrating a genuine complex function f : U C C — C. However,
we cannot just “integrate” such a function. There is no given one-dimensional
domain we can integrate along. Instead, we have to make some up ourselves.
We have to define some paths in the complex plane, and integrate along them.

18
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Definition (Path). A path in C is a continuous function v : [a,b] — C, where
a,beR.

For general paths, we just require continuity, and do not impose any conditions
about, say, differentiability.

Unfortunately, the world is full of weird paths. There are even paths that fill
up the whole of the unit square. So we might want to look at some nicer paths.

Definition (Simple path). A path v : [a,b] — C is simple if y(t1) = y(¢2) only
if tl = tg or {tl,tg} = {a,b}.

In other words, it either does not intersect itself, or only intersects itself at
the end points.

Definition (Closed path). A path v : [a,b] — C is closed if y(a) = v(b).

Definition (Contour). A contour is a simple closed path which is piecewise C*,
i.e. piecewise continuously differentiable.

For example, it can look something like this:

Most of the time, we are just interested in integration along contours. However,
it is also important to understand integration along just simple C' smooth paths,
since we might want to break our contour up into different segments. Later, we
will move on to consider more general closed piecewise C'* paths, where we can
loop around a point many many times.

We can now define what it means to integrate along a smooth path.

Definition (Complex integration). If v : [a,b] — U C C is C'-smooth and
f U — C is continuous, then we define the integral of f along v as

b
/f@ﬁwz/"ﬂwwwwwh

By summing over subdomains, the definition extends to piecewise C'-smooth
paths, and in particular contours.

We have the following elementary properties:

(i) The definition is insensitive to reparametrization. Let ¢ : [a/, 0] — [a, ]
be C! such that ¢(a’) = a,¢(b’) = b. If v is a C* path and § = v o ¢, then

Lf(z) dz:/(sf(z) dz.

This is just the regular change of variables formula, since

! b
| 16t @@ @) dt = [ fe)n @) du

if we let u = ¢(t).
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(ii) If @ < uw < b, then

[{f(z) dz = A f(z) d2+/7|[u,b] f(z) dz.

[a,ul
These together tells us the integral depends only on the path itself, not how we

look at the path or how we cut up the path into pieces.
We also have the following easy properties:

(iil) If —v is v with reversed orientation, then

/7 () dz = —Lf(z) d.

(iv) If we set for v : [a,b] — C the length

b
length(y) = / (1)) dt,

/7 f(z)dz

Example. Take U = C*, and let f(z) = 2" for n € Z. We pick ¢ : [0,27] = U
that sends @ — e, Then

omi n=—1
[rwa=4m e
® 0 otherwise

27
/f(z) dz :/ e%ie? 4
é 0
27
=i / et +1)0 g9,
0

If n = —1, then the integrand is constantly 1, and hence gives 27i. Otherwise, the
integrand is a non-trivial exponential which is made of trigonometric functions,
and when integrated over 27 gives zero.

then

< length(v) Slip |F(v (@)

To show this, we have

Example. Take v to be the contour

iR
72
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We parametrize the path in segments by
v :[-R,R] = C v :10,1] = C
trst t+ Re'™
Consider the function f(z) = 22. Then the integral is

R 1
/ f(z)dz = / 2 dt + / R%e2™ir Re™ dt
vy —R

0

2 L
= R34+ Rgiﬂ'/ 3 ¢
0

3

2 3mit 1
= R + Riir | S—

3 3mi |,
=0

We worked this out explicitly, but we have just wasted our time, since this is
just an instance of the fundamental theorem of calculus!

Definition (Antiderivative). Let U C C and f : U — C be continuous. An
antiderivative of f is a holomorphic function F : U — C such that F'(z) = f(z).

Then the fundamental theorem of calculus tells us:

Theorem (Fundamental theorem of calculus). Let f : U — C be continuous
with antiderivative F. If 7y : [a,b] — U is piecewise C''-smooth, then

In particular, the integral depends only on the end points, and not the path
itself. Moreover, if -y is closed, then the integral vanishes.

Proof. We have

L fGyaz= | " (1) dt = / "(Fo)(t) at

Then the result follows from the usual fundamental theorem of calculus, applied
to the real and imaginary parts separately. O

Example. This allows us to understand the first example we had. We had the
function f(z) = 2" integrated along the path ¢(¢) = e (for 0 <t < 27).

If n # —1, then
d z7z+1
f= dt <n+ 1) '

So f has a well-defined antiderivative, and the integral vanishes. On the other
hand, if n = —1, then

7(2) = <(log2),

where log can only be defined on a slit plane. It is not defined on the whole unit
circle. So we cannot apply the fundamental theorem of calculus.

Reversing the argument around, since f 271 dz does not vanish, this implies
there is not a continuous branch of log on any set U containing the unit circle.
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2.2 Cauchy’s theorem

A question we might ask ourselves is when the anti-derivative exists. A necessary
condition, as we have seen, is that the integral around any closed curve has to
vanish. This is also sufficient.

Proposition. Let U C C be a domain (i.e. path-connected non-empty open
set), and f : U — C be continuous. Moreover, suppose

Lf(z) dz=0

for any closed piecewise C'-smooth path v in U. Then f has an antiderivative.

This is more-or-less the same proof we gave in IA Vector Calculus that a real
function is a gradient if and only if the integral about any closed path vanishes.

Proof. Pick our favorite ag € U. For w € U, we choose a path 7, : [0,1] = U
such that 7,,(0) = ag and 7, (1) = w.

We first go through some topological nonsense to show we can pick ,, such
that this is piecewise C'. We already know a continuous path v : [0,1] — U
from ag to w exists, by definition of path connectedness. Since U is open, for
all z in the image of v, there is some e(z) > 0 such that B(z,e(z)) C U. Since
the image of 7 is compact, it is covered by finitely many such balls. Then it is
trivial to pick a piecewise straight path living inside the union of these balls,
which is clearly piecewise smooth.

We thus define

Yw

Note that this F(w) is independent of the choice of 7,,, by our hypothesis on f
— given another choice 4, we can form the new path 7, *x (—%,), namely the
path obtained by concatenating ~,, with —7,,.

Yy w
Yuw

ao

This is a closed piecewise C'-smooth curve. So

/ f(z) dz =0.
Yw* ( —Fw )

22



2 Contour integration IB Complex Analysis

The left hand side is

(z) dz + 7%f(z) dz[Y f(2) dz/ﬁ f(z) d=.

Yw w

w

So the two integrals agree.

Now we need to check that F' is complex differentiable. Since U is open, we
can pick 8 > 0 such that B(w;e) C U. Let d;, be the radial path in B(w, ¢) from
W to w + h, with |h] < e.

on
w4+ h w

Yw

Now note that ,, * &, is a path from ag to w + h. So

F(w—i—h)z/ f(z) dz

Yw*6n

=F(w)+ [ f(2)dz

On
— F(w) + hf(w) + /5 (F(2) = f(w)) d=.
Thus, we know
F(w+h}1_F(w) —f(w)’ < ﬁ s (Z) —f(w) dz
< ﬁ length(8,) sup |£(2) — f(w)|
On
= S(lslplf(Z) — f(w)l].

Since f is continuous, as h — 0, we know f(z) — f(w) — 0. So F is differentiable
with derivative f. O

To construct the anti-derivative, we assumed fv f(z) dz = 0. But we didn’t
really need that much. To simplify matters, we can just consider curves consisting
of straight line segments. To do so, we need to make sure we really can draw
line segments between two points.

You might think — aha! We should work with convex spaces. No. We do not
need such a strong condition. Instead, all we need is that we have a distinguished
point ag such that there is a line segment from ag to any other point.

Definition (Star-shaped domain). A star-shaped domain or star domain is a
domain U such that there is some ag € U such that the line segment [ag, w] C U
for all w € U.
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This is weaker than requiring U to be convex, which says any line segment
between any two points in U, lies in U.
In general, we have the implications

U is a disc = U is convex = U is star-shaped = U is path-connected,

and none of the implications reverse.

In the proof, we also needed to construct a small straight line segment 6.
However, this is a non-issue. By the openness of U, we can pick an open ball
B(w,e) C U, and we can certainly construct the straight line in this ball.

Finally, we get to the integration part. Suppose we picked all our =, to be the
fixed straight line segment from ag. Then for antiderivative to be differentiable,

we needed
/ f(z)dz= / f(z) dz.
Y *0p Yw+h

In other words, we needed to the integral along the path v, * 0, * (—Yw+r) to
vanish. This is a rather simple kind of paths. It is just (the boundary of) a
triangle, consisting of three line segments.

Definition (Triangle). A triangle in a domain U is what it ought to be — the
Euclidean convex hull of 3 points in U, lying wholly in U. We write its boundary
as 0T, which we view as an oriented piecewise C'!' path, i.e. a contour.

LA

good very bad

Our earlier result on constructing antiderivative then shows:

Proposition. If U is a star domain, and f : U — C is continuous, and if

f() dz =

oT

for all triangles T'C U, then f has an antiderivative on U.

Proof. As before, taking ~,, = [ag, w] C U if U is star-shaped about ao. O
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This is in some sense a weaker proposition — while our hypothesis only
requires the integral to vanish over triangles, and not arbitrary closed loops, we
are restricted to star domains only.

But well, this is technically a weakening, but how is it useful? Surely if we
can somehow prove that the integral of a particular function vanishes over all
triangles, then we can easily modify the proof such that it works for all possible
curves.

Turns out, it so happens that for triangles, we can fiddle around with some
geometry to prove the following result:

Theorem (Cauchy’s theorem for a triangle). Let U be a domain, and let
f:U — C be holomorphic. If T C U is a triangle, then [, f(z) dz = 0.

So for holomorphic functions, the hypothesis of the previous theorem auto-
matically holds.

We immediately get the following corollary, which is what we will end up
using most of the time.

Corollary (Convex Cauchy). If U is a convex or star-shaped domain, and
f : U = C is holomorphic, then for any closed piecewise C' paths v € U, we

must have
/ f(z) dz =0.
~

Proof of corollary. If f is holomorphic, then Cauchy’s theorem says the integral
over any triangle vanishes. If U is star shaped, our proposition says f has an
antiderivative. Then the fundamental theorem of calculus tells us the integral
around any closed path vanishes. O

Hence, all we need to do is to prove that fact about triangles.

Proof of Cauchy’s theorem for a triangle. Fix a triangle T'. Let

n= (2) dz|, ¢ =length(0T).

f
or

The idea is to show to bound 7 by ¢, for every ¢ > 0, and hence we must have
1n = 0. To do so, we subdivide our triangles.

Before we start, it helps to motivate the idea of subdividing a bit. By
subdividing the triangle further and further, we are focusing on a smaller and
smaller region of the complex plane. This allows us to study how the integral
behaves locally. This is helpful since we are given that f is holomorphic, and
holomorphicity is a local property.

We start with T = TV :

We then add more lines to get 720,79, T2, T9 (it doesn’t really matter which is
which).

25



2 Contour integration IB Complex Analysis

We orient the middle triangle by the anti-clockwise direction. Then we have

(2)dz= Y f(2) dz,

0
ore a,b,c,d BT.

since each internal edge occurs twice, with opposite orientation.
For this to be possible, if = UaTO f(z) dz|, then there must be some
subscript in {a, b, ¢,d} such that

n
/8T? f(z)dz| > T

We call this 79 = T'. Then we notice 7' has length

14
length(0T*) = 3
Iterating this, we obtain triangles
T°>T'>7T%?> ...

such that '
n i
> e length(0T*) = —

/(2) dz -

oT*

Now we are given a nested sequence of closed sets. By IB Metric and Topological
Spaces (or IB Analysis II), there is some zp € ();5o 7"
Now fix an € > 0. Since f is holomorphic at zy, we can find a § > 0 such that

|f(w) — f(20) — (w — 20) f'(20)| < elw — 2]

whenever |w — zg| < 0. Since the diameters of the triangles are shrinking each
time, we can pick an n such that T™ C B(zg,e). We're almost there. We just
need to do one last thing that is slightly sneaky. Note that

/ 1dz:0:/ z dz,
oT™ oT™

since these functions certainly do have anti-derivatives on T". Therefore, noting
that f(zo) and f’(z) are just constants, we have

f(z) dz

oTrn™

|GG =10 = (=20 ) s

< [ 1) = Han) = 2= 20)f o)l d
TTL
< length(0T™)e sup |z — 20|
z€0T™
< elength(0T™)?,
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where the last line comes from the fact that zy € T™, and the distance between
any two points in the triangle cannot be greater than the perimeter of the
triangle. Substituting our formulas for these in, we have

Ui Lo

So
n< Pe.

Since £ is fixed and € was arbitrary, it follows that we must have n = 0. O

Is this the best we can do? Can we formulate this for an arbitrary domain,
and not just star-shaped ones? It is obviously not true if the domain is not
simply connected, e.g. for f(z) = 1 defined on C\ {0}. However, it turns out
Cauchy’s theorem holds as long as the domain is simply connected, as we will
show in a later part of the course. However, this is not surprising given the
Riemann mapping theorem, since any simply connected domain is conformally
equivalent to the unit disk, which is star-shaped (and in fact convex).

We can generalize our result when f : U — C is continuous on the whole
of U, and holomorphic except on finitely many points. In this case, the same
conclusion holds — f,y f(z) dz = 0 for all piecewise smooth closed 7.

Why is this? In the proof, it was sufficient to focus on showing [, f(z) dz =0
for a triangle T' C U. Consider the simple case where we only have a single point
of non-holomorphicity a € T. The idea is again to subdivide.

7\
BN

We call the center triangle 77. Along all other triangles in our subdivision, we
get [ f(z) dz = 0, as these triangles lie in a region where f is holomorphic. So

(2)dz = f(z) dz.
oT o1

Note now that we can make T” as small as we like. But

(2) dz| < length(9T") sup |f(2)].

z€dT'

oT’

Since f is continuous, it is bounded. As we take smaller and smaller subdivisions,
length(9T") — 0. So we must have [, f(z) dz = 0.

From here, it’s straightforward to conclude the general case with many points
of non-holomorphicity — we can divide the triangle in a way such that each
small triangle contains one bad point.
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2.3 The Cauchy integral formula

Our next amazing result will be Cauchy’s integral formula. This formula allows
us to find the value of f inside a ball B(zg,r) just given the values of f on the
boundary 0B(zg, ).

Theorem (Cauchy integral formula). Let U be a domain, and f : U — C be

holomorphic. Suppose there is some B(zp;r) C U for some zp and r > 0. Then
for all z € B(zo;7), we have

flz) = QL f(w) dw.
™ OB(zo0;T) w—z

Recall that we previously computed |, Omé dz = 2mi. This is indeed a

special case of the Cauchy integral formula. We will provide two proofs. The
first proof relies on the above generalization of Cauchy’s theorem.

Proof. Since U is open, there is some 6 > 0 such that B(zp;r+6) C U. We
define g : B(z;7 +d) — C by

Ff@) gy
9@0—{f@) e

where we have fized z € B(z;r) as in the statement of the theorem. Now
note that g is holomorphic as a function of w € B(zg,r + d), except perhaps at
w = z. But since f is holomorphic, by definition ¢ is continuous everywhere on
B(zp,7 4 ). So the previous result says

/ g(w) dw = 0.
OB(zo;T)

This is exactly saying that
[ g [ S0,
9B(zo) W — # dB(z0;r) W T %

o0

‘We now rewrite

U.)*Z’_U)*ZO 1_(z720>_n70(w720)n+1.
w—2z0 -

Note that this sum converges uniformly on 0B(zp;7) since

Z — Z
0l <1

w — 2o

for w on this circle.
By uniform convergence, we can exchange summation and integration. So

oo

f(w) (z —20)"
— dw = ——— dw.
/m)w—z N ;Awﬂz)w—%)”*l ‘
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We note that f(z)(z—20)™ is just a constant, and that we have previously proven

2mi k=-—1
/ (w — 20)* dw = m .
OB (z0ir) 0 k#-1

So the right hand side is just 27if(z). So done. O

Corollary (Local maximum principle). Let f : B(z,7) — C be holomorphic.
Suppose |f(w)| < |f(z)] for all w € B(z;r). Then f is constant. In other words,
a non-constant function cannot achieve an interior local maximum.

Proof. Let 0 < p < r. Applying the Cauchy integral formula, we get

&) = | AC)

2m JoBGpy W — 2

276

Setting w = z + pe”™", we get

1
= / f(z + pe*™i?) dG‘
0

sup [ f(w)]

lz—wl=p
< f(2).

So we must have equality throughout. When we proved the supremum bound
for the integral, we showed equality can happen only if the integrand is constant.
So | f(w)] is constant on the circle |z — w| = p, and is equal to f(z). Since this
is true for all p € (0,r), it follows that |f| is constant on B(z;r). Then the
Cauchy-Riemann equations then entail that f must be constant, as you have
shown in example sheet 1. O

IN

Going back to the Cauchy integral formula, recall that we had B(zp;r) C U,
f U — C holomorphic, and we want to show

72) 1/8 S g,

270 JoBlzomy W — 2

When we proved it last time, we remember we know how to integrate things of
the form —=~—, and manipulated the formula such that we get the integral is
(w—20)
made of things like this.

The second strategy is to change the contour of integration instead of changing
the integrand. If we can change it so that the integral is performed over a circle

around z instead of zy, then we know what to do.

o
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Proof. (of Cauchy integral formula again) Given ¢ > 0, we pick J > 0 such that
B(z,0) C B(zo,r), and such that whenever |w — z| < ¢, then |f(w) — f(2)| <e.
This is possible since f is uniformly continuous on the neighbourhood of z. We
now cut our region apart:

We know % is holomorphic on sufficiently small open neighbourhoods of
the half-contours indicated. The area enclosed by the contours might not be
star-shaped, but we can definitely divide it once more so that it is. Hence the
integral of () around the half-contour vanishes by Cauchy’s theorem. Adding

w—=z

these together, we get

[0 g [ ),
dB(zo,r) W % 9B(z,0) W — 2

where the balls are both oriented anticlockwise. Now we have

1 1
flz)— — f(w) dw| =|f(z) — — f(w) dw|.
270 By W — 2 27T JoBlzg) W — 2
Now we once again use the fact that
1
/ dz = 27i
0B(z,0) W — %
to show this is equal to
1 — 1 1
—/ f2) = f(w) f(w)dw < — 21§ ---e=¢.
2mi JoBze W—Z 2m )
Taking ¢ — 0, we see that the Cauchy integral formula holds. O

Note that the subdivision we did above was something we can do in general.

Definition (Elementary deformation). Given a pair of C'-smooth (or piecewise
smooth) closed paths ¢, : [0,1] — U, we say v is an elementary deformation of
¢ if there exists convex open sets Cq,--- ,C,, C U and a division of the interval
0=m9 <z <+ <z, =1such that on [z;_1,2;], both ¢(¢) and (t) belong
to Cl

30



2 Contour integration IB Complex Analysis

Then there are straight lines ; : ¢(x;) — (x;) lying inside C;. If f is holomor-
phic on U, considering the shaded square, we find

/d)f(z) dz:/wf(z) dz

when ¢ and 1) are convex deformations.
We now explore some classical consequences of the Cauchy Integral formula.
The next is Liouville’s theorem, as promised.

Theorem (Liouville’s theorem). Let f : C — C be an entire function (i.e.
holomorphic everywhere). If f is bounded, then f is constant.

This, for example, means there is no interesting holomorphic period functions
like sin and cos that are bounded everywhere.

Proof. Suppose |f(z)] < M for all z € C. We fix 21,29 € C, and estimate
|f(z1) — f(22)| with the integral formula.
Let R > max{2|z1[, 2|z2|}. By the integral formula, we know

1 fw)  J(w) )
271 /83(0713) (w—21 W — 2o duw

1 / fw)er —z2)
1¢]

[f(z1) = f(z2)| =

2mi B(0,R) (w—21)(w — 22)
1 M|Zl — 22|
< — 2R ——————
=or TV T(R)2)2
4M|21 — 2’2|
R

Note that we get the bound on the denominator since |w| = R implies |w—z;| > &
by our choice of R. Letting R — oo, we know we must have f(z1) = f(z2). So f
is constant. O

Corollary (Fundamental theorem of algebra). A non-constant complex polyno-
mial has a root in C.

Proof. Let
P(z)=a,z" + An_12""1 4+ ag,
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where a,, # 0 and n > 0. So P is non-constant. Thus, as |z| = oo, |P(z)| — oo.
In particular, there is some R such that for |z| > R, we have |P(z)| > 1.
Now suppose for contradiction that P does not have a root in C. Then

consider )

f(z) = Tz)’
which is then an entire function, since it is a rational function. On B(0, R), we
know f is certainly continuous, and hence bounded. Outside this ball, we get
|f(2)] < 1. So f(z) is constant, by Liouville’s theorem. But P is non-constant.
This is absurd. Hence the result follows. O

There are many many ways we can prove the fundamental theorem of algebra.
However, none of them belong wholely to algebra. They all involve some analysis
or topology, as you might encounter in the IID Algebraic Topology and IID
Riemann Surface courses.

This is not surprising since the construction of R, and hence C, is intrinsically
analytic — we get from N to Z by requiring it to have additive inverses; Z to Q
by requiring multiplicative inverses; R to C by requiring the root to 2 + 1 = 0.
These are all algebraic. However, to get from Q to R, we are requiring something
about convergence in Q. This is not algebraic. It requires a particular of metric
on Q. If we pick a different metric, then you get a different completion, as you
may have seen in IB Metric and Topological Spaces. Hence the construction of
R is actually analytic, and not purely algebraic.

2.4 Taylor’s theorem

When we first met Taylor series, we were happy, since we can express anything
as a power series. However, we soon realized this is just a fantasy — the Taylor
series of a real function need not be equal to the function itself. For example,
the function f(z) = e~ " has vanishing Taylor series at 0, but does not vanish
in any neighbourhood of 0. What we do have is Taylor’s theorem, which gives
you an expression for what the remainder is if we truncate our series, but is
otherwise completely useless.

In the world of complex analysis, we are happy once again. Every holomorphic
function can be given by its Taylor series.

Theorem (Taylor’s theorem). Let f : B(a,r) — C be holomorphic. Then f has
a convergent power series representation

f(z) = Z cn(z—a)"
n=0

on B(a,r). Moreover,

N IO, 1
7]

nl 2mi B(a,p) (2 —a)**!

Cn

for any 0 < p < r.

Note that the very statement of the theorem already implies any holomorphic
function has to be infinitely differentiable. This is a good world.
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Proof. We'll use Cauchy’s integral formula. If |w — a| < p < r, then

_ 1 f(2)
flw) = 5 /83(a,p) T w dz.

Now (cf. the first proof of the Cauchy integral formula), we note that

n

1 1
- ) Zz—a”‘*‘1

oW (z—a)(l

z—a

This series is uniformly convergent everywhere on the p disk, including its
boundary. By uniform convergence, we can exchange integration and summation
to get

> 1 fz n
f<w):2<2m/33(ap)(z—(a))n+1dz> (w—a)

Since ¢, does not depend on w, this is a genuine power series representation,
and this is valid on any disk B(a, p) C B(a,r).

Then the formula for ¢,, in terms of the derivative comes for free since that’s
the formula for the derivative of a power series. O

This tells us every holomorphic function behaves like a power series. In
particular, we do not get weird things like e ~ on R that have a trivial Taylor
series expansion, but is itself non-trivial. Similarly, we know that there are no
“bump functions” on C that are non-zero only on a compact set (since power
series don’t behave like that). Of course, we already knew that from Liouville’s
theorem.

Corollary. If f : B(a,r) — C is holomorphic on a disc, then f is infinitely
differentiable on the disc.

Proof. Complex power series are infinitely differentiable (and f had better be
infinitely differentiable for us to write down the formula for ¢, in terms of
). O

This justifies our claim from the very beginning that Re(f) and Im(f) are
harmonic functions if f is holomorphic.

Corollary. If f : U — C is a complex-valued function, then f = u + iv is
holomorphic at p € U if and only if u, v satisfy the Cauchy-Riemann equations,
and that u,, uy, vz, v, are continuous in a neighbourhood of p.

Proof. If uy,uy, vz, vy exist and are continuous in an open neighbourhood of p,
then v and v are differentiable as functions R? — R? at p, and then we proved
that the Cauchy-Riemann equations imply differentiability at each point in the
neighbourhood of p. So f is differentiable at a neighbourhood of p.

On the other hand, if f is holomorphic, then it is infinitely differentiable. In
particular, f’(z) is also holomorphic. So ug,uy, v, v, are differentiable, hence
continuous. O
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We also get the following (partial) converse to Cauchy’s theorem.

Corollary (Morera’s theorem). Let U C C be a domain. Let f : U — C be
continuous such that
/s

for all piecewise-C'! closed curves v € U. Then f is holomorphic on U.

Proof. We have previously shown that the condition implies that f has an
antiderivative F : U — C, i.e. F is a holomorphic function such that F' = f.
But F is infinitely differentiable. So f must be holomorphic. O

Recall that Cauchy’s theorem required U to be sufficiently nice, e.g. being
star-shaped or just simply-connected. However, Morera’s theorem does not. It
just requires that U is a domain. This is since holomorphicity is a local property,
while vanishing on closed curves is a global result. Cauchy’s theorem gets us
from a local property to a global property, and hence we need to assume more
about what the “globe” looks like. On the other hand, passing from a global
property to a local one does not. Hence we have this asymmetry.

Corollary. Let U C C be a domain, f,;U — C be a holomorphic function. If
fn — f uniformly, then f is in fact holomorphic, and

£'(z) = lim f3,(2).

Proof. Given a piecewise C' path ~y, uniformity of convergence says

Lfn(z) dz — Lf(z) dz

uniformly. Since f being holomorphic is a local condition, so we fix p € U and
work in some small, convex disc B(p,e) C U. Then for any curve ~ inside this

disk, we have
/ fu(z)dz=0
-

Hence we also have f7 f(z) dz = 0. Since this is true for all curves, we conclude
f is holomorphic inside B(p,e) by Morera’s theorem. Since p was arbitrary, we
know f is holomorphic.

We know the derivative of the limit is the limit of the derivative since we can
express f’(a) in terms of the integral of (Zf_(z))g , as in Taylor’s theorem. O

There is a lot of passing between knowledge of integrals and knowledge of
holomorphicity all the time, as we can see in these few results. These few sections
are in some sense the heart of the course, where we start from Cauchy’s theorem
and Cauchy’s integral formula, and derive all the other amazing consequences.

2.5 Zeroes

Recall that for a polynomial p(z), we can talk about the order of its zero at
z = a by looking at the largest power of (z — a) dividing p. A priori, it is not
clear how we can do this for general functions. However, given that everything
is a Taylor series, we know how to do this for holomorphic functions.
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Definition (Order of zero). Let f : B(a,r) — C be holomorphic. Then we
know we can write

F2) =3 culz—a)"
n=0

as a convergent power series. Then either all ¢, = 0, in which case f = 0 on
B(a,r), or there is a least N such that ¢y # 0 (N is just the smallest n such
that £ (a) # 0).

If N > 0, then we say f has a zero of order N.

If f has a zero of order N at a, then we can write

f(z) = (z = a)g(2)

on B(a,r), where g(a) = cy # 0.
Often, it is not the actual order that is too important. Instead, it is the
ability to factor f in this way. One of the applications is the following:

Lemma (Principle of isolated zeroes). Let f : B(a,r) — C be holomorphic and
not identically zero. Then there exists some 0 < p < a such that f(z) # 0 in the
punctured neighbourhood B(a, p) \ {a}.

Proof. If f(a) # 0, then the result is obvious by continuity of f.

The other option is not too different. If f has a zero of order N at a, then
we can write f(z) = (z — a)Vg(z) with g(a) # 0. By continuity of g, g does
not vanish on some small neighbourhood of a, say B(a,p). Then f(z) does not
vanish on B(a, p) \ {a}. O

A consequence is that given two holomorphic functions on the same domain,
if they agree on sufficiently many points, then they must in fact be equal.

Corollary (Identity theorem). Let U C C be a domain, and f,g: U — C be
holomorphic. Let S ={z € U : f(z) = g(z)}. Suppose S contains a non-isolated
point, i.e. there exists some w € S such that for all € > 0, S N B(w,¢) # {w}.
Then f =g on U.

Proof. Consider the function h(z) = f(z) — g(#). Then the hypothesis says h(z)
has a non-isolated zero at w, i.e. there is no non-punctured neighbourhood of w
on which h is non-zero. By the previous lemma, this means there is some p > 0
such that h =0 on B(w,p) CU.

Now we do some topological trickery. We let

Uy = {a € U : h = 0 on some neighbourhood B(a, p) of a in U},
Uy = {a € U : there exists n > 0 such that R(™) # 0}.

Clearly, Uy N Uy = 0, and the existence of Taylor expansions shows Uy UU; = U.

Moreover, Uy is open by definition, and U; is open since h(”)(z) is continuous
near any given a € U;. Since U is (path) connected, such a decomposition can
happen if one of Uy and U; is empty. But w € Uy. So in fact Uy = U, i.e. h
vanishes on the whole of U. So f =g. O

In particular, if two holomorphic functions agree on some small open subset
of the domain, then they must in fact be identical. This is a very strong result,
and is very false for real functions. Hence, to specify, say, an entire function, all
we need to do is to specify it on an arbitrarily small domain we like.
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Definition (Analytic continuiation). Let Uy C U C C be domains, and f : Uy —
C be holomorphic. An analytic continuation of f is a holomorphic function
h:U — C such that hly, = f, i.e. h(z) = f(2) for all z € Uy.

By the identity theorem, we know the analytic continuation is unique if it
exists.

Thus, given any holomorphic function f : U — C, it is natural to ask how
far we can extend the domain, i.e. what is the largest U’ D U such that there is
an analytic continuation of f to U’.

There is no general method that does this for us. However, one useful trick
is to try to write our function f in a different way so that it is clear how we can
extend it to elsewhere.

Example. Consider the function

f(2)=22"=1+z+z2+~--
n>0

defined on B(0,1).

By itself, this series diverges for z outside B(0,1). However, we know well
that this function is just

1
flz)=1—-

This alternative representation makes sense on the whole of C except at z = 1.
So we see that f has an analytic continuation to C\ {1}. There is clearly no
extension to the whole of C, since it blows up near z = 1.

Example. Alternatively, consider

fz) = Z 22",

n>0

Then this again converges on B(0,1). You will show in example sheet 2 that
there is no analytic continuation of f to any larger domain.

Example. The Riemann zeta function

((2)=) n*

defines a holomorphic function on {z : Re(z) > 1} C C. Indeed, we have
|n=%| = |nf*(®)| and we know Y n~t converges for ¢t € R>1, and in fact does so
uniformly on any compact domain. So the corollary of Morera’s theorem tells us
that ¢(z) is holomorphic on Re(z) > 1.

We know this cannot converge as z — 1, since we approach the harmonic
series which diverges. However, it turns out ((z) has an analytic continuation to
C\ {1}. We will not prove this.

At least formally, using the fundamental theorem of arithmetic, we can
expand n as a product of its prime factors, and write

1
. —z —2z _
C(z) = H (I+pZ+p 7 +)= H T
primes p primes p
If there were finitely many primes, then this would be a well-defined function
on all of C, since this is a finite product. Hence, the fact that this blows up at

z = 1 implies that there are infinitely many primes.
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2.6 Singularities

The next thing to study is singularities of holomorphic functions. These are
places where the function is not defined. There are many ways a function can
be ill-defined. For example, if we write

_l—z
T1—2

f(2)

then on the face of it, this function is not defined at z = 1. However, elsewhere,
f is just the constant function 1, and we might as well define f(1) = 1. Then we
get a holomorphic function. These are rather silly singularities, and are singular
solely because we were not bothered to define f there.

Some singularities are more interesting, in that they are genuinely singular.

For example, the function
1
1) = 1—

is actually singular at z = 1, since f is unbounded near the point. It turns out
these are the only possibilities.

Proposition (Removal of singularities). Let U be a domain and zy € U. If
f:U\ {20} — C is holomorphic, and f is bounded near zy, then there exists an
a such that f(z) — a as z — 2.

Furthermore, if we define

g(z) = {Z:(Z) Z f(zjo\ {20} ,

then ¢ is holomorphic on U.

Proof. Define a new function h : U — C by

M@:{@wv@)z¢%.

0 z =2z

Then since f is holomorphic away from zg, we know h is also holomorphic away
from zg.

Also, we know f is bounded near z;. So suppose |f(z)| < M in some
neighbourhood of zy. Then we have

’h(Z) — h(zo)

< |z — 2| M.
Z— 20

So in fact h is also differentiable at zg, and h(zg) = h'(20) = 0. So near zg, h
has a Taylor series

h(z) = Z an(z — 20)".

n>0

Since we are told that ag = a; = 0, we can define a g(z) by

9(2) = Y anta(z — 20)",

n>0
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defined on some ball B(zp,p), where the Taylor series for h is defined. By
construction, on the punctured ball B(zg, p)\{z0}, we get g(z) = f(z). Moreover,
g9(z) = az as z = z5. So f(z) = az as z — 2.

Since g is a power series, it is holomorphic. So the result follows. O

This tells us the only way for a function to fail to be holomorphic at an
isolated point is that it blows up near the point. This won’t happen because f
fails to be continuous in some weird ways.

However, we are not yet done with our classification. There are many ways
in which things can blow up. We can further classify these into two cases — the
case where |f(2)] — oo as z — zp, and the case where | f(2)| does not converge as
z — zg. It happens that the first case is almost just as boring as the removable
ones.

Proposition. Let U be a domain, zp € U and f : U\ {20} — C be holomorphic.
Suppose |f(z)| — oo as z — 2zo. Then there is a unique k € Z>; and a unique
holomorphic function g : U — C such that g(zo) # 0, and

9(2)
f(Z) - (Z _ Zo)k.
Proof. We shall construct g near zg in some small neighbourhood, and then
apply analytic continuation to the whole of U. The idea is that since f(z) blows
up nicely as z — zg, we know f% behaves sensibly near zj.
We pick some ¢ > 0 such that |f(z)] > 1 for all z € B(20;0) \ {#0}. In
particular, f(z) is non-zero on B(zp;d) \ {20}. So we can define

hz) = {f(l) 2 € B(z0:9) \ {0}

0 z =2z

Since \ﬁ\ < 1on B(z0;0)\{#0}, by the removal of singularities, h is holomorphic
on B(zg, ). Since h vanishes at the z, it has a unique definite order at zo, i.e.
there is a unique integer k > 1 such that i has a zero of order k at zy. In other

words,
h(z) = (z — 20)"(2),

for some holomorphic ¢ : B(z;0) — C and £(zp) # 0.
Now by continuity of ¢, there is some 0 < £ < § such that ¢(z) # 0 for all
z € B(2p,¢). Now define g : B(zp;¢) — C by

a(z) = %

Then ¢ is holomorphic on this disc.
By construction, at least away from zy, we have

— 1 _ 1 k _ k
g was initially defined on B(zp;e) — C, but now this expression certainly makes
sense on all of U. So g admits an analytic continuation from B(zg;¢) to U. So
done. O
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We can start giving these singularities different names. We start by formally
defining what it means to be a singularity.

Definition (Isolated singularity). Given a domain U and zp € U, and f :
U\ {z0} — C holomorphic, we say zq is an isolated singularity of f.

Definition (Removable singularity). A singularity zo of f is a removable singu-
larity if f is bounded near z.

Definition (Pole). A singularity zo is a pole of order k of f if |f(z)| — oo as
z — 2o and one can write

with g : U — C, g(z0) # 0.

Definition (Isolated essential singularity). An isolated singularity is an isolated
essential singularity if it is neither removable nor a pole.

It is easy to give examples of removable singularities and poles. So let’s look
at some essential singularities.

Example. z — e'/# has an isolated essential singularity at z = 0.

Note that if B(zo,¢)\ {z0} — C has a pole of order h at zp, then f naturally
defines a map f : B(zy;e) — CP* = CU {oo}, the Riemann sphere, by

_ (0. Z =20
f(z)_{f(Z) chz

This is then a “continuous” function. So a singularity is just a point that gets
mapped to the point oo.

As was emphasized in TA Groups, the point at infinity is not a special point
in the Riemann sphere. Similarly, poles are also not really singularities from the
viewpoint of the Riemann sphere. It’s just that we are looking at it in a wrong
way. Indeed, if we change coordinates on the Riemann sphere so that we label
each point w € CP* by w' = % instead, then f just maps 2o to 0 under the new
coordinate system. In particular, at the point zg, we find that f is holomorphic
and has an innocent zero of order k.

Since poles are not bad, we might as well allow them.

Definition (Meromorphic function). If U is a domain and S C U is a finite or
discrete set, a function f: U\ S — C which is holomorphic and has (at worst)
poles on S is said to be meromorphic on U.

The requirement that S is discrete is so that each pole in S is actually an

isolated singularity.

Example. A rational function 58, where P, () are polynomials, is holomorphic

on C\ {z : Q(2) = 0}, and meromorphic on C. More is true — it is in fact
holomorphic as a function CP' — CP*.
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These ideas are developed more in depth in the IID Riemann Surfaces course.

As an aside, if we want to get an interesting holomorphic function with
domain CP!, its image must contain the point oo, or else its image will be
a compact subset of C (since CP' is compact), thus bounded, and therefore
constant by Liouville’s theorem.

At this point, we really should give essential singularities their fair share of
attention. Not only are they bad. They are bad spectacularly.

Theorem (Casorati-Weierstrass theorem). Let U be a domain, zy € U, and
suppose f : U \ {20} — C has an essential singularity at zyp. Then for all w € C,
there is a sequence z, — 2o such that f(z,) — w.

In other words, on any punctured neighbourhood B(zp;¢) \ {20}, the image
of f is dense in C.

This is not actually too hard to proof.
Proof. See example sheet 2. O

If you think that was bad, actually essential singularities are worse than that.
The theorem only tells us the image is dense, but not that we will hit every
point. It is in fact not true that every point will get hit. For example ez can
never be zero. However, this is the worst we can get

Theorem (Picard’s theorem). If f has an isolated essential singularity at zo, then
there is some b € C such that on each punctured neighbourhood B(zp;¢) \ {20},
the image of f contains C\ {b}.

The proof is beyond this course.

2.7 Laurent series

If f is holomorphic at zy, then we have a local power series expansion
(oo}
f(2) =) ealz—20)"
n=0

near zo. If f is singular at zo (and the singularity is not removable), then there
is no hope we can get a Taylor series, since the existence of a Taylor series would
imply f is holomorphic at z = z.

However, it turns out we can get a series expansion if we allow ourselves to
have negative powers of z.

Theorem (Laurent series). Let 0 <r < R < 00, and let
A={zeC:r<|z—a| <R}

denote an annulus on C.
Suppose f: A — C is holomorphic. Then f has a (unique) convergent series
expansion
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where
1 f(z)

= — g
" 211 9B(a,p) (Z — (I)n+1 *

for r < p < R. Moreover, the series converges uniformly on compact subsets of
the annulus.

The Laurent series provides another way of classifying singularities. In the
case where r = 0, we just have

o0

flz) = ch(z —a)”

on B(a, R) \ {a}, then we have the following possible scenarios:

(i) ¢, = 0 for all n < 0. Then f is bounded near a, and hence this is a
removable singularity.

(ii) Only finitely many negative coefficients are non-zero, i.e. there is a k > 1
such that ¢, = 0 for all n < —k and c¢_g # 0. Then f has a pole of order
k at a.

(iii) There are infinitely many non-zero negative coeflicients. Then we have an
isolated essential singularity.

So our classification of singularities fit nicely with the Laurent series expansion.
We can interpret the Laurent series as follows — we can write

f(Z) = fin(z) + fout(z)7

where fi, consists of the terms with positive power and f,, consists of those with
negative power. Then f;, is the part that is holomorphic on the disk |z — a| < R,
while fout(2) is the part that is holomorphic on |z — a| > 7. These two combine
to give an expression holomorphic on r < |z — a| < R. This is just a nice way
of thinking about it, and we will not use this anywhere. So we will not give a
detailed proof of this interpretation.

Proof. The proof looks very much like the blend of the two proofs we’ve given for
the Cauchy integral formula. In one of them, we took a power series expansion
of the integrand, and in the second, we changed our contour by cutting it up.
This is like a mix of the two.

Let we A. Welet r < p/ < |w—a|] < p” <R.
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We let 4 be the contour containing w, and 5 be the other contour.
Now we apply the Cauchy integral formula to say

_ 1 f(2)
fwr =5 ) omw ®
and )
2mi J5 2 —w
So we get

1 1
f(w):—,/ Md:/:——,/ 1(z) dz.
210 JoB(a,pry 2 — W 27 JoB(a,py 2 — W

As in the first proof of the Cauchy integral formula, we make the following
expansions: for the first integral, we have w —a < z — a. So

11 1) & (w-a)
z—w_z—a<1—w—>_zm’

—a
z—a n=0

which is uniformly convergent on z € dB(a, p’').
For the second integral, we have w —a > z — a. So

-1 1 1 = (z—a)m!
:/:—w_w—a<1—ﬁ)_Z (w—a)™’

m=1

which is uniformly convergent for z € 9B(a, p').
By uniform convergence, we can swap summation and integration. So we get

flw)y=73" (%/@ Ldz) (w—a)"

o Bla,p) (2 —a)" !

= (1 A GO NN I
+m2::1 (27” /<93(a,p/) (z —a)—m+1 d ) ( )~
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Now we substitute n = —m in the second sum, and get
o0
flw)y= > én(w—a)",
n=—oo

for the integrals ¢,. However, some of the coefficients are integrals around the
p" circle, while the others are around the p’ circle. This is not a problem. For
any r < p < R, these circles are convex deformations of |z — a| = p inside the

annulus A. So
/ e,
dB(a,p) (Z - CL)

is independent of p as long as p € (r, R). So we get the result stated. O

Definition (Principal part). If f : B(a,r) \ {a} — C is holomorphic and if f

has Laurent series
oo

fR)= ) elz—a),

n=—oo

then the principal part of f at a is

-1

fprincipal = Z Cn(Z — Cl)n.

n=—oo

S0 f — fprincipal is holomorphic near a, and fprincipal carries the information
of what kind of singularity f has at a.

When we talked about Taylor series, if f : B(a,7) — C is holomorphic
with Taylor series f(z) = >_.°  ¢n(z — a)™, then we had two possible ways of
expressing the coefficients of ¢,,. We had

_ 1 f(z) AR
Cn = Tm /EaB(a’p) (Z — a>n+1 dz = ol .

In particular, the second expansion makes it obvious the Taylor series is uniquely
determined by f.

For the Laurent series, we cannot expect to have a simple expression of the
coefficients in terms of the derivatives of the function, for the very reason that f
is not even defined, let alone differentiable, at a. So is the Laurent series unique?

Lemma. Let f: A — C be holomorphic, A = {r < |z — a| < R}, with

o0

f@)= ) culz—a)"
Then the coefficients ¢,, are uniquely determined by f.
Proof. Suppose also that

f(z) = Z bn(z —a)”.

n=—oo
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Using our formula for ¢, we know

, f(z)
2micy, = / — L __dz
9B(a,p) (Z - a)k+1

= z—a) k1 z
/mp) (Zm( ) ) a

n

= an/ (z—a)"F1dz
n 9B(a,p)

= 27Tibk.
SO Ck:bk. O

While we do have uniqueness, we still don’t know how to find a Laurent
series. For a Taylor series, we can just keep differentiating and then get the
coefficients. For Laurent series, the above integral is often almost impossible to
evaluate. So the technique to compute a Laurent series is blind guesswork.

Example. We know

PR

sinzg =2z — — + — —

3! 5l
defines a holomorphic function, with a radius of convergence of co. Now consider

cosecz = ——,
sin z

which is holomorphic except for z = km, with k € Z. So cosec z has a Laurent
series near z = (0. Using

52
sinz =z <1 iy +O(z4)> ,
we get

L2 op
cosecz-z< + 6 +0(z ))
From this, we can read off that the Laurent series has ¢, = 0 for all n < —2,
cc1=1,¢1= % If we want, we can go further, but we already see that cosec
has a simple pole at z = 0.

By periodicity, cosec has a simple pole at all other singularities.

Example. Consider instead

. 1 1 1 n 1
sin[-)=-——+— —
z z 3123 5ld

We see this is holomorphic on C*, with ¢,, # 0 for infinitely many n < 0. So this
has an isolated essential singularity.

Example. Consider cosec (%) This has singularities at z = ﬁ for k e N =

{1,2,3,---}. So it is not holomorphic at any punctured neighbourhood B(0, )\
{0} of zero. So this has a non-isolated singularity at zero, and there is no Laurent
series in a neighbourhood of zero.
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We've already done most of the theory. In the remaining of the course, we
will use these techniques to do stuff. We will spend most of our time trying to
evaluate integrals, but before that, we will have a quick look on how we can use
Laurent series to evalue some series.

Example (Series summation). We claim that

f(z) = Z ﬁ

n=—oo
is holomorphic on C \ Z, and moreover if we let

2

1) sin?(7z)’
We will reserve the name f for the original series, and refer to the function
Z % as g instead, until we have proven that they are the same.

Our strategy is as follows — we first show that f(z) converges and is holo-
morphic, which is not hard, given the Weierstrass M-test and Morera’s theorem.
To show that indeed we have f(z) = g(z), we first show that they have equal
principal part, so that f(z) — g(2) is entire. We then show it is zero by proving
f — g is bounded, hence constant, and that f(z) — g(z) — 0 as z — oo (in some
appropriate direction).

For any fixed w € C\ Z, we can compare it with # and apply the
Weierstrass M-test. We pick r > 0 such that |w — n| > 2r for all n € Z. Then
for all z € B(w;r), we have

|z — n| > max{r,n — |w| —r}.

Hence ) ) )
——— <min{ &, ——————— ¢ = M,.
z—n|2mm{r2 <n—|w—r>2}

By comparison to Y #, we know ) M, converges. So by the Weierstrass
M-test, we know our series converges uniformly on B(w,r).

By our results around Morera’s theorem, we see that f is a uniform limit of
holomorphic functions Zf:;_ N ﬁ, and hence holomorphic.

Since w was arbitrary, we know f is holomorphic on C\ Z. Note that we
do not say the sum converges uniformly on C\ Z. It’s just that for any point
w € C\ Z, there is a small neighbourhood of w on which the sum is uniformly
convergent, and this is sufficient to apply the result of Morera’s.

For the second part, note that f is periodic, since f(z + 1) = f(z). Also, at
0, f has a double pole, since f(z) = 2—12—}— holomorphic stuff near z = 0. So f has
a double pole at each k € Z. Note that m also has a double pole at each
keZ.

Now, consider the principal parts of our functions — at k € Z, f(z) has
principal part ﬁ Looking at our previous Laurent series for cosec(z), if

o= ()

sinmz
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then lim, o 22g(2) = 1. So g(z) must have the same principal part at 0 and
hence at k for all k € Z.

Thus h(z) = f(z) — g(z) is holomorphic on C\ Z. However, since its principal
part vanishes at the integers, it has at worst a removable singularity. Removing
the singularity, we know h(z) is entire.

Since we want to prove f(z) = g(z), we need to show h(z) = 0.

We first show it is boundedness. We know f and g are both periodic with
period 1. So it suffices to focus attention on the strip

<z =Re(z) <

l\D\H
[\D\H

To show this is bounded on the rectangle, it suffices to show that h(z + iy) — 0
as y — o0, by continuity. To do so, we show that f and g both vanish as
Yy — 00.

So we set z = x + iy, with |z| < 1. Then we have

4 2
lg(2)] < il -0

< e
as y — oo. Exactly analogously,
1 (oo}
< = —0
|_nz€;|x+zy—n\2_ 2 z:: + 92

as y — 00. So h is bounded on the strip, and tends to 0 as y — oo, and is hence
constant by Liouville’s theorem. But if A — 0 as y — oo, then the constant
better be zero. So we get

h(z) =0.
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3 Residue calculus

3.1 Winding numbers

Recall that the type of the singularity of a point depends on the coefficients in
the Laurent series, and these coefficients play an important role in determining
the behaviour of the functions. Among all the infinitely many coefficients, it
turns out the coefficient of z~! is the most important one, as we will soon see.

We call this the residue of f.

Definition (Residue). Let f: B(a,r) \ {a} — C be holomorphic, with Laurent

series
o0

f)= ) eulz—a)

Then the residue of f at a is
Res(f,a) = Resy(a) = c_1.

Note that if p < 7, then by definition of the Laurent coefficients, we know

/ f(2) dz = 2mic_;.
o

B(a,p)

So we can alternatively write the residue as

1
Resy(a) = 5 /3 S

This gives us a formulation of the residue without reference to the Laurent series.
Deforming paths if necessary, it is not too far-fetching to imagine that for
any simple curve v around the singularity a, we have

/f(z) dz = 2miRes(f, a).

Moreover, if the path actually encircles two singularities a and b, then deforming
the path, we would expect to have

/f(z) dz = 2mi(Res(f, a) + Res(f, b)),

and this generalizes to multiple singularities in the obvious way.

If this were true, then it would be very helpful, since this turns integration
into addition, which is (hopefully) much easier!

Indeed, we will soon prove that this result holds. However, we first get rid of
the technical restriction that we only work with simple (i.e. non-self intersecting)
curves. This is completely not needed. We are actually not really worried in
the curve intersecting itself. The reason why we’ve always talked about simple
closed curves is that we want to avoid the curve going around the same point
many times.

There is a simple workaround to this problem — we consider arbitrary curves,
and then count how many times we are looping around the point. If we are
looping around it twice, then we count its contribution twice!

Indeed, suppose we have the following curve around a singularity:
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(D

We see that the curve loops around a twice. Also, by the additivity of the
integral, we can break this curve into two closed contours. So we have

1
5 [yf(z) dz = 2Resy(a).
So what we want to do now is to define properly what it means for a curve to
loop around a point n times. This will be called the winding number.

There are many ways we can define the winding number. The definition we
will pick is based on the following observation — suppose, for convenience, that
the point in question is the origin. As we move along a simple closed curve around
0, our argument will change. If we keep track of our argument continuously,
then we will find that when we return to starting point, the argument would
have increased by 27. If we have a curve that winds around the point twice,
then our argument will increase by 4.

What we do is exactly the above — given a path, find a continuous function
that gives the “argument” of the path, and then define the winding number to
be the difference between the argument at the start and end points, divided by
2.

For this to make sense, there are two important things to prove. First, we
need to show that there is indeed a continuous “argument” function of the curve,
in a sense made precise in the lemma below. Then we need to show the winding
number is well-defined, but that is easier.

Lemma. Let v : [a,b] — C be a continuous closed curve, and pick a point
w € C\ image(y). Then there are continuous functions r : [a,b] — R > 0 and
0 : [a,b] — R such that

y(t) =w+ T(t)ew(t).

Of course, at each point ¢, we can find r and 6 such that the above holds.
The key point of the lemma is that we can do so continuously.

Proof. Clearly r(t) = |y(t) — w| exists and is continuous, since it is the composi-
tion of continuous functions. Note that this is never zero since «y(t) is never w.
The actual content is in defining 6.

To define 6(t), we for simplicity assume w = 0. Furthermore, by considering
instead the function %, which is continuous and well-defined since 7 is never
zero, we can assume |y(¢)| =1 for all .

Recall that the principal branch of log, and hence of the argument Im(log),

takes values in (—m,7) and is defined on C \ R<y.
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If v(t) always lied in, say, the right-hand half plane, we would have no problem
defining 6 consistently, since we can just let

0(t) = arg(y(t))

for arg the principal branch. There is nothing special about the right-hand half
plane. Similarly, if « lies in the region as shaded below:

i.e. we have
~(t) € {z :Re (ezio) > O}

for a fixed «, we can define
0(t) = a + arg <7€E?> .

Since v : [a,b] — C is continuous, it is uniformly continuous, and we can find a
subdivision

a=ag<ay < -<ay,=0>b,

such that if s,¢ € [a;_1,a;], then |y(s) —v(t)| < v/2, and hence ~(s) and ~(t)
belong to such a half-plane.
So we define 6; : [a;_1,a;] — R such that

7(t) = e

for t € [aj—1,0a;5],and 1 < j <mn—1.

On each region [a;_1,a;], this gives a continuous argument function. We
cannot immediately extend this to the whole of [a, ], since it is entirely possible
that 0;(a;) = 0;41(a;). However, we do know that 6;(a;) are both values of the
argument of y(a;). So they must differ by an integer multiple of 2, say 2n7.
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Then we can just replace 841 by 041 — 2n7, which is an equally valid argument
function, and then the two functions will agree at a;.

Hence, for j > 1, we can successively re-define 6; such that the resulting map
# is continuous. Then we are done. O

We can thus use this to define the winding number.

Definition (Winding number). Given a continuous path « : [a,b] — C such
that v(a) = v(b) and w ¢ image(y), the winding number of v about w is

0(b) — 0(a)
2w ’

where 6 : [a,b] — R is a continuous function as above. This is denoted by I(vy,w)
or n,(W).

I and n stand for index and number respectively.

Note that we always have I(v,w) € Z, since 6(b) and 6(a) are arguments
of the same number. More importantly, I(y,w) is well-defined — suppose
Y(t) = r(t)e*® = r(£)e% (") for continuous functions 61,65 : [a,b] — R. Then
61 — 05 : [a,b] — R is continuous, but takes values in the discrete set 27Z. So it
must in fact be constant, and thus ;1 (b) — 01 (a) = 02(b) — 02(a).

So far, what we’ve done is something that is true for arbitrary continuous
closed curve. However, if we focus on piecewise C'-smooth closed path, then we
get an alternative expression:

Lemma. Suppose v : [a,b] — C is a piecewise C''-smooth closed path, and
w ¢ image(7y). Then
1 1
1 = — dz.
(7, w) 2ﬂiLz—w z

Proof. Let y(t) —w = r(t)e??®, with now r and 0 piecewise C''-smooth. Then

e L
[

ln?“( i0(t))a

=i(0(b) — ( )
= 2mil (v, w).

() a

So done. O

In some books, this integral expression is taken as the definition of the
winding number. While this is elegant in complex analysis, it is not clear a prior:
that this is an integer, and only works for piecewise C'-smooth closed curves,
not arbitrary continuous closed curves.

On the other hand, what is evident from this expression is that I(y,w) is
continuous as a function of w € C\ image(~y), since it is even holomorphic as a
function of w. Since I(y;w) is integer valued, I(y) must be locally constant on
path components of C \ image(7).
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We can quickly verify that this is a sensible definition, in that the winding
number around a point “outside” the curve is zero. More precisely, since image(7y)
is compact, all points of sufficiently large modulus in C belong to one component
of C\ image(y). This is indeed the only path component of C \ image(y) that is
unbounded.

To find the winding number about a point in this unbounded component, note
that I(y;w) is consistent on this component, and so we can consider arbitrarily
larger w. By the integral formula,

1 1
I(v,w)| < — length(y) max ———— — 0
167,) < - lemgth(y) max =
as w — 00. So it does vanish outside the curve. Of course, inside the other path
components, we can still have some interesting values of the winding number.

3.2 Homotopy of closed curves

The last ingredient we need before we can get to the residue theorem is the
idea of homotopy. Recall we had this weird, ugly definition of elementary
deformation of curves — given ¢, : [a,b] — U, which are closed, we say v is an
elementary deformation or convexr deformation of ¢ if there exists a decomposition
a=x9 <z <--- <z, =band convex open sets C1,---,C,, C U such that for
xi—1 <t < x;, we have ¢(t) and ¢ (¢) in C;.

It was a rather unnatural definition, since we have to make reference to this
arbitrarily constructed dissection of [a,b] and convex sets C;. Moreover, this
definition fails to be transitive (e.g. on R\ {0}, rotating a circle about the center
by, say, {5 is elementary, but rotating by m is not). Yet, this definition was
cooked up just so that it immediately follows that elementary deformations
preserve integrals of holomorphic functions around the loop.

The idea now is to define a more general and natural notion of deforming a
curve, known as “homotopy”. We will then show that each homotopy can be
given by a sequence of elementary deformations. So homotopies also preserve
integrals of holomorphic functions.

Definition (Homotopy of closed curves). Let U C C be a domain, and let
¢ : [a,b] — U and 1 : [a,b] — U be piecewise C'-smooth closed paths. A
homotopy from ¢ : ¢ is a continuous map F : [0,1] X [a,b] — U such that

F(O7t) = ¢(t)a F(lvt) = ¢(t),

and moreover, for all s € [0,¢], the map ¢t — F(s,t) viewed as a map [a,b] = U
is closed and piecewise C'-smooth.

We can imagine this as a process of “continuously deforming” the path ¢ to
1, with a path F(s, -) at each point in time s € [0,1].

Proposition. Let ¢, : [a,b] — U be homotopic (piecewise C!) closed paths in
a domain U. Then there exists some ¢ = ¢g, ¢1,- -+ ,¢n = 9 such that each ¢;
is piecewise C! closed and ¢;; is obtained from ¢; by elementary deformation.

Proof. This is an exercise in uniform continuity. We let F' : [0,1] X [a,b] — U
be a homotopy from ¢ to v. Since image(F) is compact and U is open, there
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is some ¢ > 0 such that B(F(s,t),e) C U for all (s,t) € [0,1] x [a,b] (for each
s,t, pick the maximum e, > 0 such that B(F(s,t),es,) C U. Then e, varies
continuously with s, ¢, hence attains its minimum on the compact set [0, 1] X [a, b].
Then picking € to be the minimum works).

Since F is uniformly continuous, there is some d such that ||(s,t)—(s',t')|| < 8
implies |F(s,t) — F(s',t")] <e.

Now we pick n € N such that H'(#

) < 6, and let

zj=a+ (b— a)%
i(t) = F (3.t)
Ciy = B(F (5,2;) ,¢)

ThenlCij is clearly convex. These definitions are cooked up precisely so that if
s€ (=L, L) and t € [wj_1,;], then F(s,t) € Cj;. So the result follows. O

n ’'n

Corollary. Let U be a domain, f : U — C be holomorphic, and 71,y be
homotopic piecewise C'-smooth closed curves in U. Then

[{1 f(z)dz = . f(z) dz.

This means the integral around any path depends only on the homotopy
class of the path, and not the actual path itself.

We can now use this to “upgrade” our Cauchy’s theorem to allow arbitrary
simply connected domains. The theorem will become immediate if we adopt the
following alternative definition of a simply connected domain:

Definition (Simply connected domain). A domain U is simply connected if
every C' smooth closed path is homotopic to a constant path.

This is in fact equivalent to our earlier definition that every continuous
map S' = U can be extended to a continuous map D? — U. This is almost
immediately obvious, except that our old definition only required the map to be
continuous, while the new definition only works with piecewise C! paths. We
will need something that allows us to approximate any continuous curve with a
piecewise C''-smooth one, but we shall not do that here. Instead, we will just
forget about the old definition and stick to the new one.

Rewriting history, we get the following corollary:

Corollary (Cauchy’s theorem for simply connected domains). Let U be a simply
connected domain, and let f : U — C be holomorphic. If v is any piecewise
C'-smooth closed curve in U, then

A () dz = 0.

We will sometimes refer to this theorem as “simply-connected Cauchy”, but
we are not in any way suggesting that Cauchy himself is simply connected.

Proof. By definition of simply-connected, v is homotopic to the constant path,
and it is easy to see the integral along a constant path is zero. O
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3.3 Cauchy’s residue theorem

We finally get to Cauchy’s residue theorem. This in some sense a mix of all the
results we’ve previously had. Simply-connected Cauchy tells us the integral of a
holomorphic f around a closed curve depends only on its homotopy class, i.e. we
can deform curves by homotopy and this preserves the integral. This means the
value of the integral really only depends on the “holes” enclosed by the curve.

We also had the Cauchy integral formula. This says if f : B(a,r) — C is
holomorphic, w € B(a, p) and p < r, then

1 f(2)

5 dz.
2T JoBlapy 2 — W

flw) =

Note that f(w) also happens to be the residue of the function % So this
really says if ¢ has a simple pole at a inside the region bounded by a simple
closed curve +, then

—/ ) dz = Res(g, a).

The Cauchy’s residue theorem says the result holds for any type of singularities,
and any number of singularities.

Theorem (Cauchy’s residue theorem). Let U be a simply connected domain,
and {z1,---,2zk} CU. Let f: U\ {#, - ,2} — C be holomorphic. Let
7 : [a,b] = U be a piecewise Cl-smooth closed curve such that z; # image(7y)
for all 5. Then

1 R 3~
Y RCLE 31102 Res(f120),

The Cauchy integral formula and snnply-connected Cauchy are special cases
of this.

Proof. At each z;, f has a Laurent expansion
z) = Z D (z — )",

valid in some neighbourhood of z;. Let ¢;(z) be the principal part, namely

-1

gilz)= Y el(z—=)"

n=—oo

From the proof of the Laurent series, we know g¢;(z) gives a holomorphic function
on U\ {z}.

We now consider f—g; —ga—- - +— gk, which is holomorphic on U\{z1, - - , zx },
and has a removable singularity at each z;. So

/(f—gl—---—gm(z)dz:o,

by simply-connected Cauchy. Hence we know

L f() dz = i / gi(2) dz
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n

. . . )
For each j, we use uniform convergence of the series >, _ ;¢ (z — z;)" on

compact subsets of U \ {z;}, and hence on v, to write

L G dz= 3 ) / (5 = 2)" de.

n<—1

However, for n # —1, the function (z — z;)™ has an antiderivative, and hence
the integral around ~ vanishes. So this is equal to

j 1
c(_ji/idz.
,YZ*Z]‘

But c(f% is by definition the residue of f at z;, and the integral is just the integral
definition of the winding number (up to a factor of 27i). So we get

k
/ f(z)dz = QTriZRes(f; zi) (7, zj).
Y j=1
So done. O

3.4 Overview

We’ve done most of the theory we need. In the remaining of the time, we are
going to use these tools to do something useful. In particular, we will use the
residue theorem heavily to compute integrals.

But before that, we shall stop and look at what we have done so far.

Our first real interesting result was Cauchy’s theorem for a triangle, which
had a rather weird hypothesis — if f : U — C is holomorphic and A C U is at
triangle, then

f(z)dz=0.
A
To prove this, we dissected our triangle into smaller and smaller triangles, and
then the result followed how the numbers and bounds magically fit in together.

To accompany this, we had another theorem that used triangles. Suppose U

is a star domain and f : U — C is continuous. Then if

/BAf(Z)dZ:O

for all triangles, then there is a holomorphic F' with F’(z) = f(z). Here we
defined F' by

Fe) = [ 1) dz,

where zg is the “center” of the star, and we integrate along straight lines. The
triangle condition ensures this is well-defined.

These are the parts where we used some geometric insight — in the first
case we thought of subdividing, and in the second we decided to integrate along
paths.
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These two awkward theorems about triangles fit in perfectly into the convex
Cauchy theorem, via the fundamental theorem of calculus. This tells us that if
f : U — C is holomorphic and U is convex, then

/f(z) dz=0
¥
for all closed v C U.

We then noticed this allows us to deform paths nicely and still preserve the
integral. We called these nice deformations elementary deformations, and then
used it to obtain the Cauchy integral formula, namely

fw =g [ T

2m B(a,p) # — W

for f: B(a,r) = C, p <r and w € B(a, p).

This formula led us to some classical theorems like the Liouville theorem and
the maximum principle. We also used the power series trick to prove Taylor’s
theorem, saying any holomorphic function is locally equal to some power series,
which we call the Taylor series. In particular, this shows that holomorphic
functions are infinitely differentiable, since all power series are.

We then notice that for U a convex domain, if f : U — C is continuous and

/Wf(z) dz=0

for all curves v, then f has an antiderivative. Since f is the derivative of its
antiderivative (by definition), it is then (infinitely) differentiable. So a function
is holomorphic on a simply connected domain if and only if the integral along
any closed curve vanishes. Since the latter property is easily shown to be
conserved by uniform limits, we know the uniform limit of holomorphic functions
is holomorphic.

Then we figured out that we can use the same power series expansion trick
to deal with functions with singularities. It’s just that we had to include
negative powers of z. Adding in the ideas of winding numbers and homotopies,
we got the residue theorem. We showed that if U is simply connected and
f:U\{z, -z} — C is holomorphic, then

1
21

[ £6) e = S Res(7. 10,20,

This will further lead us to Rouché’s theorem and the argument principle, to be
done later.

Throughout the course, there weren’t too many ideas used. Everything was
built upon the two “geometric” theorems of Cauchy’s theorem for triangles and
the antiderivative theorem. Afterwards, we repeatedly used the idea of deforming
and cutting paths, as well as the power series expansion of ﬁ, and that’s it.

3.5 Applications of the residue theorem

This section is more accurately described as “Integrals, integrals, integrals”. Our
main objective is to evaluate real integrals, but to do so, we will pretend they
are complex integrals, and apply the residue theorem.
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Before that, we first come up with some tools to compute residues, since we
will have to do that quite a lot.

Lemma. Let f : U\ {a} — C be holomorphic with a pole at a, i.e f is
meromorphic on U.

(i) If the pole is simple, then

Res(f,a) = lim(z — a)f(2).

z—a

(ii) If near a, we can write
_9(?)

where g(a) # 0 and h has a simple zero at a, and g, h are holomorphic on
B(a,e) \ {a}, then

Res(f,a) = 9(a) .

K (a)
(iif) If
10 = 2
near a, with g(a) # 0 and g is holomorphic, then
Res(f,a) = g(i_l)l(;z!).
Proof.

(i) By definition, if f has a simple pole at a, then

f(z):i+co+cl(z—a)+~~,

(z —a)
and by definition ¢_; = Res(f,a). Then the result is obvious.

(ii) This is basically L’Hépital’s rule. By the previous part, we have

() _ o z-a gl
@ =2 RS The) ~ Wla)

Q

Res(f;a) = lim(z — a)

z—a

>

(iii) We know the residue Res(f;a) is the coefficient of (z — a)*~! in the Taylor
series of g at a, which is exactly ﬁg(kfl)(a). O

Example. We want to compute the integral

° 1
— dx.
/0 1+ 24 .

We consider the following contour:
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A
X X
e3i7r/4 6iTr/4
> y
-R R
X X
We notice —— + r has poles at z* = —1, as indicated in the diagram. Note that

the two of the poles lie in the unbounded region. So I(v, -) = 0 for these.
We can write the integral as

1 L T iRe"
— dz= dx Bk — T/
/7R1—|—z4 : /R1+334 +/0 1+ Riet®

The first term is something we care about, while the second is something we
despise. So we might want to get rid of it. We notice the integrand of the second
integral is O(R™3). Since we are integrating it over something of length R, the
whole thing tends to 0 as R — oo.

We also know the left hand side is just

/ 1+1 5 dz = 2mi(Res(f, ”/4) + Res(f, 3i7r/4))_

So we just have to compute the residues. But our function is of the form given
by part (ii) of the lemma above. So we know

1
423

r=einm/4

1 )
Res(ﬁ 171'/4) _ *6_37”/47

and similarly at e7/4 On the other hand, as R — oo, the first integral on the

right is f oo T + —— dz, which is, by evenness, twice of What we want. So

< 1 > 1 2, . ,
2 de = dr = - 222 im/4 3mif4y . "
/0 T3 22 99 /_001+x4 x 4(6 +e )

Hence our integral is

&ﬂ

< 1 7r
—— dz=——.
o l+=x 2V/2
When computing contour integrals, there are two things we have to decide.

First, we need to pick a nice contour to integrate along. Secondly, as we will see
in the next example, we have to decide what function to integrate.

Example. Suppose we want to integrate

/ cos(x) d
r1+2z+ 22
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We know cos, as a complex function, is everywhere holomorphic, and 1 + = + 22
have two simple zeroes, namely at the cube roots of unity. We pick the same
contour, and write w = €2™/3. Then we have

A

XWwW

Life would be good if cos were bounded, for the integrand would then be O(R~2),
and the circular integral vanishes. Unfortunately, at, say, iR, cos(z) is large. So
instead, we consider

eiz
Now, again by the previous lemma, we get

eiw

Res(f;w) = o1

On the semicircle, we have

g ) ) g Re—sin@R
Re'”)Re' d6 </ : : dé
/0 f( € ) € ‘ =) ‘3262z0+R610+1| ’

which is O(R™!). So this vanishes as R — oo.
The remaining is not quite the integral we want, but we can just take the
real part. We have

COST

= Re lim f(z) dz

R—o0 R
= Re(2mi Res(f,w))

2 1
= ie*‘/g/Q Ccos —.

/3 2

Another class of integrals that often come up are integrals of trigonometric
functions, where we are integrating along the unit circle.

Example. Consider the integral

ﬂ'/2 1
/ Tz 4
o 1+sin®(t)

We use the expression of sin in terms of the exponential function, namely
it _ it
2i

sin(t) = ¢
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So if we are on the unit circle, and z = €%, then

z—z
sin(t) =
() ==
Moreover, we can check
dz . 4
— =1e".
dt
So d
z
1z

Hence we get

71'/2 1 1 2 1
/ oy i = */ Ty A
o 1+sin“(¢) 4 /o 1+sin*(t)

_l/ S
_4 ‘2‘211+M’LZ

—4

1z
- S P
/|z|_1 A 6241

The base is a quadratic in 22, which we can solve. We find the roots to be 1+ V2
and —1 + /2.

N
NI

The residues at the point v/2 — 1 and —v/2 + 1 give f%. So the integral we

want is
/2 1 o =V2i =2 T
——— = 2mi + = .
o 1+sin“(t) 16 16 2v/2

Most rational functions of trigonometric functions can be integrated around
|z| =1 in this way, using the fact that

ikt _ g—ikt Lk _ ,—k R N
Sin(kt) = - = , cos(kt) = 5 — 5

2 2
We now develop a few lemmas that help us evaluate the contributions of certain
parts of contours, in order to simplify our work.
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Lemma. Let f: B(a,r)\ {a} — C be holomorphic, and suppose f has a simple
pole at a. We let v. : [a, 5] = C be given by

t— a4+ ee’t.
A
Ve

Then

e—0

hm/ F(2)dz = (B—a)-i-Res(f,a).

Proof. We can write

f(2) = —— +g(2)

zZ—a

near a, where ¢ = Res(f;a), and g : B(a,d) — C is holomorphic near a. We

take e < 6. Then
[ ara

€

< (B—a)-esupg(z)]-
Z€%e

But ¢ is bounded on B(«,d). So this vanishes as e — 0. So the remaining
integral is

lim dz = clim dz
e—0 zZ—a e—0 zZ—a
Ye Ye
B 1 ]
= clim — geett dt
e—0 J, eett
=i(8 — a)e,
as required. O

A lemma of a similar flavor allows us to consider integrals on expanding
semicircles.

Lemma (Jordan’s lemma). Let f be holomorphic on a neighbourhood of infinity
in C, i.e. on {|z| > r} for some r > 0. Assume that zf(z) is bounded in this
region. Then for a > 0, we have

(2)e"* dz — 0
TR
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as R — oo, where yg(t) = Re' for t € [0,7] is the semicircle (which is not
closed).

-R R

In previous cases, we had f(z) = O(R™2), and then we can bound the
integral simply as O(R™1) — 0. In this case, we only require f(z) = O(R™1!).
The drawback is that the case fm f(2) dz need not work — it is possible that
this does not vanish. However, if we have the extra help from e’**, then we do
get that the integral vanishes.

Proof. By assumption, we have

M
2]

[f(z)] <

for large |z| and some constant M > 0. We also have

'Laz| _ _—Rasint

e e

sin 6

51, the function 5= is

on yg. To avoid messing with sin#, we note that on (0, 5

decreasing, since

d (sin9> fcosh —sinf

AN 62 =
Then by consider the end points, we find
2t
sin(t) > =
7r

for ¢t € [0, 5]. This gives us the bound

—Ra?2t
|eiaz|_eRasint§{e a2t/m OStS%

e—Ra2t//7T OSt/:ﬂ__th
So we get
w/2 i ) ) 27
/ ezRoze f(Rezt)Rezt dt| < / e—2aRt/7r .M dt
0 0
1
-~ (1— aR
Rt =)
—0
as R — oo.

The estimate for

/7r f(2)e"* dz
/2

is analogous. O
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Example. We want to show

Note that % has a removable singularity at = 0. So everything is fine.
Our first thought might be to use our usual semi-circular contour that looks
like this:

TR

If we look at this and take the function Si%, then we get no control at iR € ypg.
So what we would like to do is to replace the sine with an exponential. If we let

then we now have the problem that f has a simple pole at 0. So we consider a
modified contour

Now if yg . denotes the modified contour, then the singularity of % lies outside
the contour, and Cauchy’s theorem says

[m’a f(z)dz=0.

Considering the R-semicircle vg, and using Jordan’s lemma with o = 1 and %
as the function, we know
(2)dz—0
TR

as R — oo.

Considering the e-semicircle 7., and using the first lemma, we get a contribu-
tion of —iw, where the sign comes from the orientation. Rearranging, and using
the fact that the function is even, we get the desired result.
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Example. Suppose we want to evaluate

o eaw
/ dz,
oo COShz
where a € (—1,1) is a real constant.
To do this, note that the function

eG.Z

flz) =

cosh z

has simple poles where z = (n + %) i for n € Z. So if we did as we have done
above, then we would run into infinitely many singularities, which is not fun.
Instead, we note that

cos(z +im) = — coshz.

Consider a rectangular contour

) Y1

- jus? +
Vvert 2 Vvert

Y
Y

We now enclose only one singularity, namely p = %77 where

e*r :aTi
Res(f, p) = m =1e /2.

We first want to see what happens at the edges. We have

d ™ ea(R+iy) . d
f(z) dz _/0 cosh(R—Fiy)l v
<
0

since a < 1. We can do a similar bound for 7,.t-, where we use the fact that
a>—1.
Thus, letting R — oo, we get

ear —00 eaﬂ'ie )
d " dx=27wi(—i ami/2 )
/R coshz + [roo cosh(z + i) v = 2mi(—ie )

Using the fact that cosh(x + im) = — cos(x), we get
/ 0T 27.‘.6111'7\'/2 Ta
dr = —— =7sec (—) .
r coshx 1+ eam 2
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hence we can bound this as

26aR
el _ R

f(z) dz

+
Vvert

dy =+ 0as R — oo,
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Example. We provide a(nother) proof that

PP
w26
= n 6
Recall we just avoided having to encircle infinitely poles by picking a rectangular
contour. Here we do the opposite — we encircle infinitely many poles, and then
we can use this to evaluate the infinite sum of residues using contour integrals.
We consider the function f(z) = %2(“), which is holomorphic on C except
for simple poles at Z \ {0}, and a triple pole at 0.
We can check that at n € Z \ {0}, we can write
7 cos(mz) 1

f(z) =

22 “sin(nz)’
where the second term has a simple zero at n, and the first is non-vanishing at

n # 0. Then we have compute

. mcos(mn) 1 _ 1
Res(fin) = n2 mwcos(mn)  n?’

Note that the reason why we have those funny 7’s all around the place is so that
we can get this nice expression for the residue.
At z =0, we get

z

aM@z(L—f+O@ﬂ)G—éﬂHXf04:1—§+O@%

So we get
mcot(mz) 1 2
= — — — 4.
22 23 3z
So the residue is —%2. Now we consider the following square contour:
A
(N +3)i
TN
Y
—(N+13) N+3
—(N + 3)i

Since we don’t want the contour itself to pass through singularities, we make
the square pass through + (N + %) Then the residue theorem says

N w2
f(z) dz = 2mi (22712—?)).
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We can thus get the desired series if we can show that

f(z)dz — 0 as n — .
TN

We first note that

mcotmz

) dz | 4@N +1)

< sup

42N +1
< sup|cotmz| ——5— (2N + L)
YN (N )

= sup | cot Tz|O(N ).
YN

So everything is good if we can show sup, | cot wz| is bounded as N — oc.
On the vertical sides, we have

1
z=7r(N+2> + 1y,
and thus

| cot(mz)| = |tan(imy)| = | tanh(7wy)| < 1,

while on the horizontal sides, we have

1
z:z::l:i(N+2>,

m(N+1/2) —m(N+1/2) 1
| cot(mz)| < ¢ te = coth (N + 2) ™

and

em™(N+1/2) _ o—m(N+1/2)

While it is not clear at first sight that this is bounded, we notice = — coth z is
decreasing and positive for x > 0. So we win.

Example. Suppose we want to compute the integral

o0
1
[y,
o 1+
The point is that to define log z, we have to cut the plane to avoid multi-
valuedness. In this case, we might choose to cut it along R < 0, giving a branch
of log, for which arg(z) € (—3 —) We need to avoid running through zero. So

202
we might look at the following contour:
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On the large semicircular arc of radius R, the integrand

I 1
1F(2)lldz] = O (R- °§f> ~0 ( °§R> S 0as R oo

On the small semicircular arc of radius ¢, the integrand
|f(2)||dz] = O(eloge) — 0 as e — 0.

Hence, as ¢ — 0 and R — oo, we are left with the integral along the negative
real axis. Along the negative real axis, we have

log z = log || + .

So the residue theorem says

* logx O log || + i . )
/0 1 + ;(}2 dx —+ L W(—dx) = 27T’L Res(f;z).

We can compute the residue as

. logi s5im o«
Res(fi) = S =% =1

> logx < 1 im?
2 d ] de = —.
/0 1+ a7 x“”/o 1+a2 77 2

Taking the real part of this, we obtain

> 1
[ g
o l+=x
In this case, we had a branch cut, and we managed to avoid it by going

around our magic contour. Sometimes, it is helpful to run our integral along the
branch cut.

So we find
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Example. We want to compute

(oo}
/ QL dz,
o Z2+axr+b
where a,b € R. To define 1/z, we need to pick a branch cut. We pick it to lie
along the real line, and consider the keyhole contour

A

>

As usual this has a small circle of radius € around the origin, and a large circle
of radius R. Note that these both avoid the branch cut.
Again, on the R circle, we have

F@ldz| = 0 (&) L 0as R oo

On the e-circle, we have
|£(2)]|dz] = O(*/?) = 0 as e — 0.

Viewing v/z = 2 log= " on the two pieces of the contour along Rxq, log z differs
by 2mi. So /z changes sign. This cancels with the sign change arising from
going in the wrong direction. Therefore the residue theorem says

271 Z residues inside contour = 2 / 2& dzx.
o x*4axr+b

What the residues are depends on what the quadratic actually is, but we will
not go into details.

3.6 Rouchés theorem

We now want to move away from computing integrals, and look at a different
application — Rouchés theorem. Recall one of the first applications of complex
analysis is to use Liouville’s theorem to prove the fundamental theorem of algebra,
and show that every polynomial has a root. One might wonder — if we know
a bit more about the polynomial, can we say a bit more about how the roots
behave?
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To do this, recall we said that if f : B(a;r) — C is holomorphic, and f(a) =0,
then f has a zero of order k if, locally,

f(2) = (2= a)g(2),

with ¢ holomorphic and g(a) # 0.
Analogously, if f : B(a,r) \ {a} — C is holomorphic, and f has at worst a
pole at a, we can again write

f(2) = (z = a)*g(2),

where now k£ € Z may be negative. Since we like numbers to be positive, we say
the order of the zero/pole is |k|.
It turns out we can use integrals to help count poles and zeroes.

Theorem (Argument principle). Let U be a simply connected domain, and let
f be meromorphic on U. Suppose in fact f has finitely many zeroes z1,--- , 2k
and finitely many poles wy,--- ,wy. Let v be a piecewise-C! closed curve such
that z;, w; & image(y) for all ¢, j. Then

1 "(z)
I(fo~,0) T/J;z dz-Zord fi2z)L Zord fowi)I(7y,w;).
v i=1

Note that the first equality comes from the fact that
1 / dw 1 df 1 [f'(»)
foy

27i -

I(fov,0)= w o 2mi ) f(z) 27 ), f(2)

In particular, if « is a simple closed curve, then all the winding numbers of
about points z;, w; lying in the region bound by v are all +1 (with the right
choice of orientation). Then

1
number of zeroes — number of poles = Q—(Change in argument of f along 7).
™

Proof. By the residue theorem, we have
1 f'(z) I
— dz = E R = I(v
omi |, 702) z 2 es f,z (v, 2),

where we sum over all zeroes and poles of z. Note that outside these zeroes and
poles, the function J;((ZZ)) is holomorphic.
Now at each z;, if f(z) = (2 — 2;)%g(2), with g(z;) # 0, then by direct

computation, we get
fe)_ kg

f(z) z—z  g(z)
g ()

Since at z;, g is holomorphic and non-zero, we know e is holomorphic near

zj. S0

Res (J;,zj> =k =ord(f, zj).

68



3 Residue calculus IB Complex Analysis

Analogously, by the same proof, at the w;, we get

/
So done. O

Res (Jw,w]) = —ord(f; wj).

This might be the right place to put the following remark — all the time, we
have assumed that a simple closed curve “bounds a region”, and then we talk
about which poles or zeroes are bounded by the curve. While this seems obvious,
it is not. This is given by the Jordan curve theorem, which is actually hard.

Instead of resorting to this theorem, we can instead define what it means to
bound a region in a more convenient way. One can say that for a domain U, a
closed curve v C U bounds a domain D C U if

+1 zeD
1(772){0 ZQID’

for a particular choice of orientation on . However, we shall not worry ourselves
with this.
The main application of the argument principle is Rouchés theorem.

Corollary (Rouchés theorem). Let U be a domain and v a closed curve which
bounds a domain in U (the key case is when U is simply connected and + is a
simple closed curve). Let f, g be holomorphic on U, and suppose |f| > |g| for all
z € image(y). Then f and f + g have the same number of zeroes in the domain
bound by vy, when counted with multiplicity.

Proof. It |f| > |g| on ~, then f and f + ¢ cannot have zeroes on the curve 7.

We let
h(z) = fl) +9(z) _, 9z)
f(2) f(2)
This is a natural thing to consider, since zeroes of f + g is zeroes of h, while
poles of h are zeroes of f. Note that by assumption, for all z € ~, we have

h(z) € B(1,1) C {z: Rez > 0}.

Therefore ho~ is a closed curve in the half-plane {z : Re z > 0}. So I(ho~;0) = 0.
Then by the argument principle, h must have the same number of zeros as poles
in D, when counted with multiplicity (note that the winding numbers are all
+1).

Thus, as the zeroes of h are the zeroes of f + g, and the poles of h are the
poles of f, the result follows. O

Example. Consider the function 2® + 6z + 3. This has three roots (with
multiplicity) in {1 < |z| < 2}. To show this, note that on |z| = 2, we have

|2]* =16 > 6]2| + 3 > |62 + 3|.

So if we let f(2) = z* and g(z) = 62+ 3, then f and f + g have the same number
of roots in {|z| < 2}. Hence all four roots lie inside {|z| < 2}.
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On the other hand, on |z| = 1, we have
62| =6 > |2* +3|.

So 6z and 25 + 62 + 3 have the same number of roots in {|z| < 1}. So there is
exactly one root in there, and the remaining three must lie in {1 < |z| < 2} (the
bounds above show that |z| cannot be exactly 1 or 2). So done.

Example. Let

1

Plz)=2"+ap12" " 4+ + a1z + ag € Zx],

and suppose ag # 0. If
lan—1| > 1+ |an—2|+ -+ |a1] + |aol,

then P is irreducible over Z (and hence irreducible over Q, by Gauss’ lemma
from IB Groups, Rings and Modules).
To show this, we let

f(Z) = anflzn_17

g(Z) =2"+ an—2zn72 + -4+ a1z + ap.

Then our hypothesis tells us |f| > |g| on |z] = 1.
So f and P = f + g both have n — 1 roots in the open unit disc {|z| < 1}.
Now if we could factor P(z) = Q(z2)R(z), where @, R € Z|[x], then at least
one of (), R must have all its roots inside the unit disk. Say all roots of Q) are
inside the unit disk. But we assumed ag # 0. So 0 is not a root of P. Hence it
is not a root of (). But the product of the roots @ is a coeflicient of @), hence an
integer strictly between 0 and 1. This is a contradiction.

The argument principle and Rouchés theorem tell us how many roots we
have got. However, we do not know if they are distinct or not. This information
is given to us via the local degree theorem. Before we can state it, we have to
define the local degree.

Definition (Local degree). Let f : B(a,r) — C be holomorphic and non-
constant. Then the local degree of f at a, written deg(f, a) is the order of the
zero of f(z) — f(a) at a.

If we take the Taylor expansion of f about a, then the local degree is the
degree of the first non-zero term after the constant term.

Lemma. The local degree is given by

deg(f,a) = I(f o, f(a)),
where 4
y(t) = a +re,
with 0 <t < 27, for r > 0 sufficiently small.

Proof. Note that by the identity theorem, we know that, f(z) — f(a) has an
isolated zero at a (since f is non-constant). So for sufficiently small r, the
function f(z)— f(a) does not vanish on B(a,r)\ {a}. If we use this r, then fo~y
never hits f(a), and the winding number is well-defined.

The result then follows directly from the argument principle. O
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Proposition (Local degree theorem). Let f : B(a,r) — C be holomorphic and
non-constant. Then for r > 0 sufficiently small, there is € > 0 such that for any
w € B(f(a),e) \ {f(a)}, the equation f(z) = w has exactly deg(f,a) distinct
solutions in B(a,r).

Proof. We pick r > 0 such that f(z)— f(a) and f’(z) don’t vanish on B(a,r)\{a}.
We let v(t) = a + re'. Then f(a) ¢ image(f o). So there is some € > 0 such
that
B(f(a),e) Nimage(f o) = 0.

We now let w € B(f(a),e). Then the number of zeros of f(z) —w in B(a,r) is
just I(f ov,w), by the argument principle. This is just equal to I(f o7, f(a)) =
deg(f,a), by the invariance of I(T', *) as we move * in a component C \ T'.

Now if w # f(a), since f'(z) # 0 on B(a,r) \ {a}, all roots of f(z) — w must
be simple. So there are exactly deg(f;a) distinct zeros. O

The local degree theorem says the equation f(z) = w has deg(f, a) roots for
w sufficiently close to f(a). In particular, we know there are some roots. So
B(f(a),e) is contained in the image of f. So we get the following result:

Corollary (Open mapping theorem). Let U be a domain and f : U — C is
holomorphic and non-constant, then f is an open map, i.e. for all open V C U,
we get that f(V) is open.

Proof. This is an immediate consequence of the local degree theorem. It suffices
to prove that for every z € U and r > 0 sufficiently small, we can find € > 0
such that B(f(a),e) C f(B(a,r)). This is true by the local degree theorem. O

Recall that Liouville’s theorem says every holomorphic f : C — B(0,1) is
constant. However, for any other simply connected domain, we know there are
some interesting functions we can write down.

Corollary. Let U C C be a simply connected domain, and U # C. Then there
is a non-constant holomorphic function U — B(0, 1).

This is a weak form of the Riemann mapping theorem, which says that there
is a conformal equivalence to B(0,1). This just says there is a map that is not
boring.

Proof. We let ¢ € C\ U, and let ¢(z) = 2z —¢. So ¢ : U — C is non-vanishing.
It is also clearly holomorphic and non-constant. By an exercise (possibly on the
example sheet), there is a holomorphic function g : U — C such that ¢(z) = e9*)
for all z. In particular, our function ¢(z) = z — ¢ : U — C* can be written as
¢(2) = h(2)?, for some function h : U — C* (by letting h(z) = e29(2)),

We let y € h(U), and then the open mapping theorem says there is some
r > 0 with B(y,r) C h(U). But notice ¢ is injective by observation, and that
h(z1) = £h(z2) implies ¢(z1) = P(22). So we deduce that B(—y,r) Nh(U) =0
(note that since y # 0, we have B(y,r) N B(—y,r) = 0 for sufficiently small r).

Now define

e o
PR .
2(h(z) +y)
This is a holomorphic function f : U — B(0,1), and is non-constant. O

This shows the amazing difference between C and C\ {0}.
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