Part IB — Metric and Topological Spaces
Theorems with proof
Based on lectures by J. Rasmussen

Notes taken by Dexter Chua

Easter 2015

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

Metrics

Definition and examples. Limits and continuity. Open sets and neighbourhoods.
Characterizing limits and continuity using neighbourhoods and open sets. (3]
Topology

Definition of a topology. Metric topologies. Further examples. Neighbourhoods, closed
sets, convergence and continuity. Hausdorff spaces. Homeomorphisms. Topologi-
cal and non-topological properties. Completeness. Subspace, quotient and product
topologies. (3]

Connectedness

Definition using open sets and integer-valued functions. Examples, including inter-
vals. Components. The continuous image of a connected space is connected. Path-
connectedness. Path-connected spaces are connected but not conversely. Connected
open sets in Euclidean space are path-connected. (3]

Compactness

Definition using open covers. Examples: finite sets and [0, 1]. Closed subsets of
compact spaces are compact. Compact subsets of a Hausdorff space must be closed.
The compact subsets of the real line. Continuous images of compact sets are compact.
Quotient spaces. Continuous real-valued functions on a compact space are bounded
and attain their bounds. The product of two compact spaces is compact. The compact
subsets of Euclidean space. Sequential compactness. (3]
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1 Metric spaces

1.1 Definitions

Proposition. If (X,d) is a metric space, (x,) is a sequence in X such that
Ty — T, Tp — T, then x = 2/.

Proof. For any € > 0, we know that there exists N such that d(z,,z) < /2 if
n > N. Similarly, there exists some N’ such that d(z,,z’) <e/2if n > N'.
Hence if n > max(N, N'), then

0 <d(x,z)
<d(z,r,) + d(zp,z")
=d(xn,x) + d(Tn, ')
<e.

So 0 <d(z,2") <eforalle>0. Sod(zx,z') =0, and z = 2’ O

1.2 Examples of metric spaces

1.3 Norms

Lemma. If || - || is a norm on V, then
d(v,w) = v — w]

defines a metric on V.

Proof.
(i) d(v,w) = ||v — w| > 0 by the definition of the norm.
(ii) div,w)=0&|v-w|[|=0cv-w=0&Vv=w.
(iii) d(w,v) = [lw = v[ = [[(=D)(v =w)[| = [ = 1[[lv = w] = d(v, w).
(iv) d(

w,v)+dv,w)=|lu—v||+|v—-w| >|u—-w|=du,w). O
Lemma. Let f € C[0,1] satisfy f(z) > 0 for all z € [0,1]. If f(z) is not

constantly 0, then fol f(z) dz > 0.

Proof. Pick xg € [0,1] with f(x0) = a > 0. Then since f is continuous, there is
a 0 such that |f(x) — f(zo)| < a/2 if |z — xo| < . So |f(z)| > a/2 in this region.

Take
_Ja/2 |z =m0l <6
9(x) = {0 otherwise

Then f(x) > g(z) for all z € [0,1]. So

/Olf(x)dajz/olg(x)da::

Theorem (Cauchy-Schwarz inequality). If (-, -) is an inner product, then

-(20) > 0. O

NS

(v,w)? < (v, v)(w,w).
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Proof. For any x, we have
(v +aw,v+aw) = (v,v) + 2z(v,w) + 2% (w,w) > 0.

Seen as a quadratic in x, since it is always non-negative, it can have at most one
real root. So
(2(v,w))? — 4(v,v){w,w) < 0.

So the result follows. O

Lemma. If (-, -) is an inner product on V', then
vl = v{v,v)

is a norm.

Proof.
() vl = Vv, > 0.
(ii

)
(iii) ||IAv|| = \/</\v,)\v> = \/)\2(V,V> = AvIl-
)

v =0< (v,v)=0< v=0.

(iv
(vl -+ IwlD? = lIv I + 20vllIwll + [[w]*
> (v, V) +2(v,w) + (w,w)
v+ wlp? o

1.4 Open and closed subsets

Lemma. The open ball B,(r) C X is an open subset, and the closed ball
B.(z) C X is a closed subset.

Proof. Given y € B,(x), we must find § > 0 with Bs(y) C B, (z).

Since y € B,(z), we must have a = d(y,z) < r. Let 6 = r —a > 0. Then if
z € Bs(y), then

d(Z,SC) S d(zay) +d(y,l’) < (T 7@) +a=r.

So z € By(z). So Bs(y) C B.(x) as desired.
The second statement is equivalent to X \ By(z) ={y € X : d(y,x) > r} is
open. The proof is very similar. O
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Lemma. If U is an open neighbourhood of z and x,, — x, then 3N such that
z, € U for allm > N.

Proof. Since U is open, there exists some ¢ > 0 such that Bs(z) C U. Since
Xy, — x, AN such that d(z,,z) < 4 for all n > N. This implies that z,, € Bs(z)
foralln > N. So z, € U for all n > N. O

Proposition. C' C X is a closed subset if and only if every limit point of C' is
an element of C.

Proof. (=) Suppose C is closed and z,, = z, x,, € C. We have to show that
xzeC.

Since C is closed, A = X \ C C X is open. Suppose the contrary that « & C'.
Then = € A. Hence A is an open neighbourhood of . Then by our previous
lemma, we know that there is some N such that xz, € A for all n > N. So
xy € A. But we know that zy € C by assumption. This is a contradiction. So
we must have xz € C.

(<) Suppose that C is not closed. We have to find a limit point not in C.

Since C' is not closed, A is not open. So 3z € A such that Bs(x) € A for all
d > 0. This means that Bs(z) N C # (0 for all § > 0.

So pick z,, € B1(z)NC for each n > 0. Then xz,, € C, d(z,,z) = % — 0. So
&, — . So z is a limit point of C' which is not in C. O

Proposition (Characterization of continuity). Let (X,d,) and (Y,d,) be metric
spaces, and f : X — Y. The following conditions are equivalent:

(i) f is continuous

(ii) If 2, — z, then f(z,) — f(z) (which is the definition of continuity)

)
)
(iii) For any closed subset C C Y, f~1(C) is closed in X.
(iv) For any open subset U C Y, f~1(U) is open in X.

)

(v) For any ¢ € X and € > 0, 36 > 0 such that f(Bs(z)) C B.(f(z)).

Alternatively, d,(z,2) < § = dy(f(z), f(2)) <e.
Proof.
— 1 & 2: by definition

~ 2= 3: Suppose C' C Y is closed. We want to show that f~1(C) is closed.
So let x,, — z, where x,, € f~1(C).

We know that f(z,) — f(z) by (2) and f(z,) € C. So f(z) is a limit
point of C. Since C is closed, f(x) € C. So z € f~1(C). So every limit
point of f=1(C) isin f~1(C). So f~1(C) is closed.

~ 3= 4: If U CY is open, then Y \ U is closed in Y. So f~1(Y \U) =
X\ f7HU) is closed in X. So f~1(U) C X is open.

-4 =5 Given z € X,e >0, B:(f(x)) is open in Y. By (4), we know
F71(B:(f(z))) = Ais open in X. Since x € 4, 3§ > 0 with Bs(z) C A.
So

f(Bs(@)) € f(A) = f(f~1(B=(f(2)))) = B(f(x))
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- 5 = 2: Suppose z, — z. Given ¢ > 0, 36 > 0 such that f(Bs(z)) C
B.(f(x)). Since x,, — =, AN such that z,, € Bs(z) for all n > N. Then
f(zyn) € f(Bs(x)) C B(f(z)) for all n > N. So f(z) — f(x). O

Lemma.

(i) @ and X are open subsets of X.

(ii) Suppose V,, C X is open for all &« € A. Then U = U V, is open in X.
acA

(iii) If Vq,---,V, C X are open, then sois V = ﬂ V;.
i=1

Proof.

(i) 0 satisfies the definition of an open subset vacuously. X is open since for
any x, B1(z) C X.

(ii) If z € U, then = € V,, for some a. Since V,, is open, there exists § > 0
such that Bs(xz) C V,. So Bs(x) C U Vo, =U. So U is open.

acA

(iii) f x € V, then x € V; for all i = 1,--- ,n. So 3; > 0 with Bs,(x) C V;.
Take 6 = min{dy,--- ,d,}. So Bs(xz) C V; for all i. So Bs(x) CV. So V is
open. O
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2 Topological spaces

2.1 Definitions
Lemma. If f: X - Y and g: Y — Z are continuous, then sois go f : X — Z.

Proof. If U C Z is open, g is continuous, then ¢g~*(U) is open in Y. Since f is
also continuous, f~*(g=Y(U)) = (go f)~1(U) is open in X. O

Lemma. Homeomorphism is an equivalence relation.
Proof.
(i) The identity map Ix : X — X is always a homeomorphism. So X ~ X.

(i) If f : X — Y is a homeomorphism, then so is f~! : ¥ — X. So
X~Y=Y~X.

(iii) If f: X - Y and g : Y — Z are homeomorphisms, then go f : X — Z is
a homeomorphism. So X ~Y and Y ~ Z implies X ~ Z. O

2.2 Sequences

Lemma. If X is Hausdorff, z,, is a sequence in X with z,, — z and z,, — 2/,
then x = 2’ i.e. limits are unique.

Proof. Suppose the contrary that x # z’. Then by definition of Hausdorff, there
exist open neighbourhoods U, U’ of z, 2’ respectively with U N U’ = {.

Since x,, — x and U is a neighbourhood of z, by definition, there is some N
such that whenever n > N, we have x,, € U. Similarly, since xz,, — 2/, there is
some N’ such that whenever n > N’, we have z,, € U'.

This means that whenever n > max(N, N'), we have z, € U and x,, € U’.
So z,, € UNU’. This contradicts the fact that U N U’ = (.

Hence we must have z = z’. O

2.3 Closed sets
Lemma.
(i) If Cq is a closed subset of X for all a € A, then (., Cq is closed in X
(ii) If Cy,- -+, Cy, are closed in X, then so is |J]_, C;.
Proof.
(i) Since Cy is closed in X, X \ C, is open in X. So [J,cn(X \ Ca) =
X \Naea Ca is open. So (N, 4 Cq is closed.

(ii) If C; is closed in X, then X \ C; is open. So (N, (X \ C;) = X \ Ui~ C;i
is open. So |J;_, C; is closed. O
Corollary. If X is Hausdorff and = € X, then {z} is closed in X.
Proof. For all y € X, there exist open subsets Uy, V, with y € Uy, xz € V,,
U,NnV, =0.
Let Cy = X \ Uy. Then Cy is closed, y € Cy, x € Cy. So {z} =), Cy is
closed since it is an intersection of closed subsets. O
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2.4 Closure and interior
2.4.1 Closure

Proposition. A is the smallest closed subset of X which contains A.

Proof. Let K C X be a closed set containing A. Then K € C4. So A =
ﬂCECACQK. So ACK. O

Lemma. If C' C X is closed, then L(C) = C.

Proof. Exactly the same as that for metric spaces. We will also prove a more
general result very soon that implies this. O

Proposition. L(A) C A.

Proof. If A C C, then L(A) C L(C). If C is closed, then L(C) = C. So
CeCa= L(A) CC. So L(A) CNgee, C=A. O

Corollary. Given a subset A C X, if we can find some closed C such that
A C C C L(A), then we in fact have C = A.

Proof. C C L(A) C A C C, where the last step is since A is the smallest closed
set containing A. So C' = L(A4) = A. O

2.4.2 Interior

Proposition. Int(A) is the largest open subset of X contained in A.

Proposition. X \ Int(4) = X \ A

Proof. U C A< (X\U) D (X\A). Also, U open in X < X \U is closed in X.
So the complement of the largest open subset of X contained in A will be

the smallest closed subset containing X \ A. O

2.5 New topologies from old

2.5.1 Subspace topology

Proposition. The subspace topology is a topology.

Proof.

(i) Since () is open in X, ) =Y N is open in Y.
Since X isopenin X, Y =Y N X is open in Y.

(ii) If V4, is open in Y, then V, =Y NU, for some U, open in X. Then
Uva=U ¥nu,)=vn (U Ua>.
acA a€cA acU

Since |JU, is open in X, so |JV, is open in Y.
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(iii) If V; is open in Y, then V; = Y N U; for some open U; C X. Then

ﬂw:ﬁ(wwu):&m(n Ui>.

i=1
Since (U; is open, [ V; is open. O

Proposition. If Y has the subspace topology, f : Z — Y is continuous iff
to f:Z — X is continuous.

Proof. (=) If U C X is open, then :~(U) = Y NU is open in Y. So ¢ is

continuous. So if f is continuous, so is ¢ o f.
(<) Suppose we know that ¢ o f is continuous. Given V C Y is open, we
know that V=Y NU =."Y(U). So f~Y(V) = f~1(71(U))) = (to )71 (V) is
O

open since ¢ o f is continuous. So f is continuous.

2.5.2 Product topology
2.5.3 Quotient topology

10
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3 Connectivity

3.1 Connectivity

Proposition. X is disconnected iff there exists a continuous surjective f : X —
{0,1} with the discrete topology.

Alternatively, X is connected iff any continuous map f : X — {0,1} is
constant.

Proof. (=) If A and B disconnect X, define

0 A
f($>:{1 iiB

Then f~1(0) =0, f71({0,1}) = X, f71({0}) = A and f~1({1}) = B are all
open. So f is continuous. Also, since A, B are non-empty, f is surjective.

(<) Given f: X +— {0,1} surjective and continuous, define A = f~1({0}),
B = f~'({1}). Then A and B disconnect X. O

Theorem. [0,1] is connected.

Proof. Suppose A and B disconnect [0,1]. wlog, assume 1 € B. Since A is
non-empty, o = sup A exists. Then either

— a € A. Then a < 1, since 1 € B. Since A is open, Je¢ > 0 with B.(«) C A.
So a+ 5 € A, contradicting supremality of a; or

- a¢ A. Then o € B. Since B is open, Je > 0 such that B.(a) C B. Then
a < a—¢ forall a € A. This contradicts a being the least upper bound of
A.

Either option gives a contradiction. So A and B cannot exist and [0, 1] is
connected. O

Proposition. If f: X — Y is continuous and X is connected, then im f is also
connected.

Proof. Suppose A and B disconnect im f. We will show that f~1(A) and f~1(B)
disconnect X.

Since A, B C im f are open, we know that A =im f N A’ and B =im f N B’
for some A’, B' open in Y. Then f~1(A) = f~1(A") and f~1(B) = f~1(B’) are
open in X.

Since A, B are non-empty, f~1(A) and f~!(B) are non-empty. Also, f~*(A4)N
f71(B) = fY(AnB) = f~1(0) = 0. Finally, AUB =imf. So f~}(4)U
71 (B)=j'(AUB) = X.

So f~1(A) and f~1(B) disconnect X, contradicting our hypothesis. So im f
is connected. O

Theorem (Intermediate value theorem). Suppose f : X — R is continuous
and X is connected. If Jxg, 21 such that f(xg) < 0 < f(z1), then 3z € X with

flx)=0.

Proof. Suppose no such x exists. Then 0 ¢ im f while 0 > f(xzg) € im f,
0 < f(z1) € im f. Then im f is disconnected (from our previous example),
contradicting X being connected. O

11
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Corollary. If f:[0,1] — R is continuous with f(0) < 0 < f(1), then 3z € [0,1]
with f(z) = 0.

3.2 Path connectivity
Proposition. If X is path connected, then X is connected.

Proof. Let X be path connected, and let f : X — {0, 1} be a continuous function.
We want to show that f is constant.

Let z,y € X. By path connectedness, there is a map v : [0,1] — X such that
v(0) = z and (1) = y. Composing with f gives a map fo~:[0,1] — {0,1}.
Since [0, 1] is connected, this must be constant. In particular, f(v(0)) = f(v(1)),
ie. f(x) = f(y). Since x,y were arbitrary, we know f is constant. O

Lemma. Suppose f: X — Y is a homeomorphism and A C X, then f|4: A —
f(A) is a homeomorphism.

Proof. Since f is a bijection, f|4 is a bijection. If U C f(A) is open, then
U = f(A)NU’ for some U’ open in Y. So f|,;*(U) = f~1(U’) N A is open in A.
So f|a is continuous. Similarly, we can show that (f|4)~! is continuous. O

3.2.1 Higher connectivity*
3.3 Components

3.3.1 Path components

Lemma. Define x ~ y if there is a path from = to y in X. Then ~ is an
equivalence relation.

Proof.

(i) For any = € X, let v, : [0,1] = X be «(t) = z, the constant path. Then
this is a path from x to z. So =z ~ x.

(if) If v : [0,1] — X is a path from x to y, then 7 : [0,1] — X by ¢t — v(1 —¢)
is a path from y to z. Sox ~y =y ~ x.

(iii) If v is a path from z to y and 75 is a path from y to z, then 5 %y, defined

by
= ~v1(2t) t€]0,1/2]
(2t —1) te[1/2,1]
is a path from x to z. Soz ~y,y~2z=x ~ 2. O

3.3.2 Connected components

Proposition. Suppose Y,, C X is connected for all « € T and that (. Yo # 0.

Then Y = {J,cr Yo is connected.

Proof. Suppose the contrary that A and B disconnect Y. Then A and B are
openinY. So A=Y NA and B=Y N B, where A’, B’ are open in X. For
any fixed a, let

Ao =Y, NA=Y,NA, B,=Y,NB=Y,NB.

12
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Then they are open in Y,. Since Y = AU B, we have
Y, =YNY,=(AUB)NY, = A, U B..
Since AN B = (), we have
A,NBy=Y,N(ANB) =0.

So A,, B, are disjoint. So Y, is connected but is the disjoint union of open
subsets Ay, Ba.
By definition of connectivity, this can only happen if A, = () or B, = 0.
However, by assumption, m Y, # (. So pick y € ﬂ Y,. Since y € Y,

acT acT
either y € A or y € B. wlog, assume y € A. Then y € Y, for all « implies that

y € A, for all a. So A, is non-empty for all a. So B, is empty for all a. So
B =0.
So A and B did not disconnect Y after all. Contradiction. O

Lemma. If y € C(x), then C(y) = C(x).

Proof. Since y € C(z) and C(z) is connected, C(z) C C(y). So z € C(y). Then
C(y) C C(z). So C(z) = C(y). O

Proposition. If U C R"” is open and connected, then it is path-connected.

Proof. Let A be a path component of U. We first show that A is open.

Let a € A. Since U is open, 3¢ > 0 such that B.(a) C U. We know that
B.(a) ~ Int(D") is path-connected (e.g. use line segments connecting the points).
Since A is a path component and a € A, we must have B.(a) C A. So A is an
open subset of U.

Now suppose b € U \ A. Then since U is open, 3¢ > 0 such that B.(b) C U.
Since B.(b) is path-connected, so if B.(b) N A # (), then B.(b) C A. But this
implies b € A, which is a contradiction. So B:(b)) N A = 0. So B.(b) C U\ A.
Then U \ A is open.

So A,U \ A are disjoint open subsets of U. Since U is connected, we must
have U \ A empty (since A is not). So U = A is path-connected. O

13
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4 Compactness

4.1 Compactness

Theorem. [0,1] is compact.

Proof. Suppose V is an open cover of [0, 1]. Let
A ={a€][0,1] : [0, a] has a finite subcover of V}.

First show that A is non-empty. Since V covers [0, 1], in particular, there is some
Vo that contains 0. So {0} has a finite subcover V. So 0 € A.

Next we note that by definition, if 0 < b < a and a € A, then b € A.

Now let @ = sup A. Suppose a < 1. Then a € [0, 1].

Since V covers X, let a € V,,. Since V,, is open, there is some ¢ such that
B.(a) C V,. By definition of «, we must have a —¢/2 € A. So [0, — £/2]
has a finite subcover. Add V, to that subcover to get a finite subcover of
[0, 4 €/2]. Contradiction (technically, it will be a finite subcover of [0, n] for
n =min(o +¢£/2,1), in case a + /2 gets too large).

So we must have a = sup A = 1.

Now we argue as before: IV; € V such that 1 € V3 and 3¢ > 0 with
(1 —¢,1] € Vi. Since 1 — ¢ € A, there exists a finite V' C V which covers
[0,1 —¢/2]. Then W =V"U{V;} is a finite subcover of V. O

Proposition. If X is compact and C' is a closed subset of X, then C' is also
compact.

Proof. To prove this, given an open cover of C', we need to find a finite subcover.
To do so, we need to first convert it into an open cover of X. We can do so by
adding X \ C, which is open since C is closed. Then since X is compact, we can
find a finite subcover of this, which we can convert back to a finite subcover of
C.

Formally, suppose V is an open cover of C. Say V = {V, : a € T'}. For
each «, since V,, is open in C, V,, = C NV for some V. open in X. Also, since
Uaer Va = C, we have U, Vo 2 C.

Since C'is closed, U = X \ Cisopenin X. So W ={V. :a € T}U{U}
is an open cover of X. Since X is compact, W has a finite subcover W' =
Va5 Vs, U} (U may or may not be in there, but it doesn’t matter). Now

1)

UNC=10. So{Vy,, - ,Va,} is a finite subcover of C. O

Proposition. Let X be a Hausdorff space. If C' C X is compact, then C is
closed in X.

Proof. Let U = X \ C. We will show that U is open.

For any z, we will find a U, such that U, C U and = € U,. Then U =
Uecu Uz will be open since it is a union of open sets.

To construct Uy, fix x € U. Since X is Hausdorff, for each y € C, Uy, Wyy
open neighbourhoods of « and y respectively with Uy, N Wy, = 0.

14
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LV:L' Y

Then W = {W,, NC :y € C} is an open cover of C. Since C' is compact, there
exists a finite subcover W = {W,,, N C,--- , Wy, NC}.

Let U, = ﬂ?zl Usy,. Then U, is open since it is a finite intersection of open
sets. To show U, C U, note that W, = [JI__; Wy, 2 C since {W,,, N C} is an
open cover. We also have W, N U, = 0. So U, C U. So done.

Proposition. A compact metric space (X, d) is bounded.

Proof. Pick z € X. Then V = {B,(x) : r € R*} is an open cover of X. Since
X is compact, there is a finite subcover {B;, (x),---, By, (z)}.
Let R = max{ry, -+ ,r,}. Then d(z,y) < R for all y € X. So for all
y,z € X,
d(y, z) < d(y,z) +d(z,z) < 2R

So X is bounded. O
Theorem (Heine-Borel). C' C R is compact iff C' is closed and bounded.

Proof. Since R is a metric space (hence Hausdorff), C' is also a metric space.
So if C' is compact, C' is closed in R, and C' is bounded, by our previous two
propositions.
Conversely, if C is closed and bounded, then C' C [~ N, N] for some N € R.
Since [-N, N] ~ [0,1] is compact, and C = CN[-N, N] is closed in [-N, N], C
is compact. O

Corollary. If A C R is compact, Ja € A such that o > a for all a € A.

Proof. Since A is compact, it is bounded. Let a = sup A. Then by definition,
a > a for all a € A. So it is enough to show that o € A.

Suppose @ ¢ A. Then o € R\ A. Since A is compact, it is closed in R. So
R\ A is open. So Je > 0 such that B.(a) C R\ A, which implies that a <« — ¢
for all a € A. This contradicts the assumption that o = sup A. So we can
conclude a € A. O

Proposition. If f: X — Y is continuous and X is compact, then im f C Y is
also compact.
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Proof. Suppose V = {V,, : @ € T'} is an open cover of im f. Since V,, is open in
im f, we have V,, = im f N V., where V is open in Y. Then

Wa = f"1(Va) = F71(V2)

is open in X. If x € X then f(z) is in V, for some a, so x € W,. Thus
W ={W, :a €T} is an open cover of X.

Since X is compact, there’s a finite subcover {Wy,, -+, Wy, } of W.
Since V,, Cim f, f(Wa) = f(f1(Vy)) = V. So
{Vu17' o 7Van}
is a finite subcover of V. O

Theorem (Maximum value theorem). If f : X — R is continuous and X is
compact, then 3z € X such that f(x) > f(y) for all y € X.

Proof. Since X is compact, im f is compact. Let & = max{im f}. Then o € im f.
So 3z € X with f(x) = a. Then by definition f(z) > f(y) for all y € X. O

Corollary. If f : [0,1] — R is continuous, then 3z € [0, 1] such that f(z) > f(y)
for all y € [0, 1]

Proof. [0,1] is compact. O

4.2 Products and quotients
4.2.1 Products
Theorem. If X and Y are compact, then sois X x Y.

Proof. First consider the special type of open cover V of X x Y such that every
U €V has the form U =V x W, where V C X and W C Y are open.
For every (z,y) € X x Y, there is U,y € V with (x,y) € U,,. Write

Upy = Viy X Way,

where V,, € X, W,, CY are open, x € Vyy,y € Wyy.

Fix x € X. Then W, = {W,, : y € Y} is an open cover of Y. Since Y is
compact, there is a finite subcover {Wy,, -, Wy, }.

Then V, = ﬂ?zl Vzy, is a finite intersection of open sets. So V. is open in X.
Moreover, V, = {Usy,, - ,Ugy, } covers V, x Y.

Y V., xY
Uﬂ?yi

16



4 Compactness IB Metric and Topological Spaces (Theorems with proof)

Now O = {V, : z € X} is an open cover of X. Since X is compact, there is
a finite subcover {V,,, -+, Vs, }. Then V' = [J:, V,, is a finite subset of V,
which covers all of X x Y.

In the general, case, suppose V is an open cover of X x Y. For each (z,y) €
X xY, U,y € V with (z,y) € Uyy. Since Uy, is open, 3V, C X, W,, C Y
open with Vi, x Wy, CUyy and x € Vi, y € Wy,

Then Q = {V,y x Wy : (z,y) € (X,Y)} is an open cover of X x Y of
the type we already considered above. So it has a finite subcover {V,,, x
Wﬂhyw' o 7Vl‘nyn x anyn}' Now Vlzyz X leyz < Uaf"iy'i' So {Ul‘lyw' B ’Ulnyn}
is a finite subcover of X x Y. O

Corollary (Heine-Borel in R™). C' C R" is compact iff C is closed and bounded.

Proof. If C' is bounded, C' C [—-N, N]" for some N € R, which is compact. The
rest of the proof is exactly the same as for n = 1. O

4.2.2 Quotients

Proposition. Suppose f: X — Y is a continuous bijection. If X is compact
and Y is Hausdorff, then f is a homeomorphism.

Proof. We show that f~! is continuous. To do this, it suffices to show (f~1)~1(C)
is closed in Y whenever C' is closed in X. By hypothesis, f is a bijection . So
(f=H7HC) = f(O).

Supposed C'is closed in X. Since X is compact, C' is compact. Since f is
continuous, f(C) = (im f|¢) is compact. Since Y is Hausdorff and f(C) C Y is
compact, f(C) is closed. O

Corollary. Suppose f: X/~ — Y is a bijection, X is compact, Y is Hausdorft,
and f o7 is continuous, then f is a homeomorphism.

Proof. Since X is compact and 7 : X — X/~ is continuous, imm C X/~ is
compact. Since f o m is continuous, f is continuous. So we can apply the
proposition. O

4.3 Sequential compactness

Lemma. Let (z,) be a sequence in a metric space (X,d) and z € X. Then (z,)
has a subsequence converging to z iff for every & > 0, x,, € B.(«x) for infinitely
many n ().

Proof. If (z,,) — =, then for every ¢, we can find I such that ¢ > I implies
Zn, € Be(x) by definition of convergence. So () holds.

Now suppose () holds. We will construct a sequence x,, — x inductively.
Take ny = 0. Suppose we have defined z,,, -+ ,2p, ;.

By hypothesis, z, € By/;(x) for infinitely many n. Take n; to be smallest
such n with n; > n;_1.

Then d(z,,, z) < * implies that z,,, — . O

Theorem. If (X,d) is a compact metric space, then X is sequentially compact.
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Proof. Suppose z,, is a sequence in X with no convergent subsequence. Then
for any y € X, there is no subsequence converging to y. By lemma, there exists
€ > 0 such that z,, € B.(y) for only finitely many n.

Let Uy, = B:(y). Now V = {U, : y € X} is an open cover of X. Since X is

compact, there is a finite subcover {U,,,-- ,Uy, }. Then z, € U, U,, = X
for only finitely many n. This is nonsense, since z,, € X for all n!
So z,, must have a convergent subsequence. O

4.4 Completeness

Proposition. If X is a compact metric space, then X is complete.

Proof. Let x, be a Cauchy sequence in X. Since X is sequentially compact,
there is a convergent subsequence z,, — x. We will show that z,, — «.

Given ¢ > 0, pick N such that d(z,,x,) < €/2 for n,m > N. Pick
I such that n; > N and d(z,,,z) < ¢/2 for all ¢ > I. Then for n > nj,
d(xn, ) < d(Tpn, Tn,) + d(@n,,z) <e. So x, = x. O

Corollary. R" is complete.

Proof. 1f (z,) C R™ is Cauchy, then (x,) C Br(0) for some R, and Bgr(0) is
compact. So it converges. O
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