Part IA — Probability

Theorems with proof

Based on lectures by R. Weber
Notes taken by Dexter Chua

Lent 2015

These notes are not endorsed by the lecturers, and I have modified them (often
significantly) after lectures. They are nowhere near accurate representations of what
was actually lectured, and in particular, all errors are almost surely mine.

Basic concepts
Classical probability, equally likely outcomes. Combinatorial analysis, permutations
and combinations. Stirling’s formula (asymptotics for logn! proved). [3]

Axiomatic approach

Axioms (countable case). Probability spaces. Inclusion-exclusion formula. Continuity
and subadditivity of probability measures. Independence. Binomial, Poisson and geo-
metric distributions. Relation between Poisson and binomial distributions. Conditional
probability, Bayes’s formula. Examples, including Simpson’s paradox. (5]

Discrete random variables

Expectation. Functions of a random variable, indicator function, variance, standard
deviation. Covariance, independence of random variables. Generating functions: sums
of independent random variables, random sum formula, moments.

Conditional expectation. Random walks: gambler’s ruin, recurrence relations. Dif-
ference equations and their solution. Mean time to absorption. Branching processes:
generating functions and extinction probability. Combinatorial applications of generat-
ing functions. [7]

Continuous random variables

Distributions and density functions. Expectations; expectation of a function of a
random variable. Uniform, normal and exponential random variables. Memoryless
property of exponential distribution. Joint distributions: transformation of random
variables (including Jacobians), examples. Simulation: generating continuous random
variables, independent normal random variables. Geometrical probability: Bertrand’s
paradox, Buffon’s needle. Correlation coefficient, bivariate normal random variables. [6]

Inequalities and limits
Markov’s inequality, Chebyshev’s inequality. Weak law of large numbers. Convexity:
Jensen’s inequality for general random variables, AM/GM inequality.

Moment generating functions and statement (no proof) of continuity theorem. State-
ment of central limit theorem and sketch of proof. Examples, including sampling. [3]
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1 Classical probability

1.1 Classical probability
1.2 Counting

Theorem (Fundamental rule of counting). Suppose we have to make r multiple
choices in sequence. There are mq possibilities for the first choice, mo possibilities
for the second etc. Then the total number of choices is mq X mg X -+ -m,..

1.3 Stirling’s formula
Proposition. logn! ~ nlogn

Proof. Note that
logn! = Z log k.
k=1

Now we claim that

n n n+1
/ logxdx§21ogk§/ log x dx.
1 1 1

This is true by considering the diagram:

)
A Inz
In(z — 1)
> T

We actually evaluate the integral to obtain
nlogn —n+1<logn! < (n+1)log(n+ 1) — n;
Divide both sides by nlogn and let n — oco. Both sides tend to 1. So

log n!

nlogn

Theorem (Stirling’s formula). As n — oo,
nle” 1
log( 1)—log\/277+0(>
nttz n

1
n! ~ V2" tze "

Corollary.
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Proof. (non-examinable) Define

nle™

d,, = log <n"+1/2> =logn! — (n+1/2)logn+n
Then )
dn — dpi1 = (n+1/2)log (”:) ~1.

Write ¢ = 1/(2n + 1). Then

1 1+1¢
— =—1 — | =1
dp — dpt1 o Og(l —t)

We can simplifying by noting that

1 1 1
log(141t) —t=——t> 4 -3 — —¢t ...
og(l+1t) 5 +3 1 +

1 1 1
log(1 —t)+t=——t? — 3 — —¢ ...

Then if we subtract the equations and divide by 2¢, we obtain

dnfdn+1:%t2+%t4+%t6+m
12 14 16
1
T 31—¢2
1 1
T 3(2n41)2-1

Lttt
S 12\n n+1

By summing these bounds, we know that

1 1
dy—dp < — (1-=
! <12( n)

Then we know that d,, is bounded below by d;+ something, and is decreasing
since d,, — dp,4+1 18 positive. So it converges to a limit A. We know A is a lower
bound for d,, since (d,,) is decreasing.

Suppose m > n. Then d, —d,, < (£ — L) . So taking the limit as m — oo,
we obtain an upper bound for d,: d, < A+ 1/(12n). Hence we know that

1

1
A<d, <A+ —.
< <4t 12n

However, all these results are useless if we don’t know what A is. To find A, we
have a small detour to prove a formula:
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Take I,, = foﬂ/ sin" 0 df. This is decreasing for increasing n as sin™ 6 gets
smaller. We also know that

w/2
I, = / sin™ 0 do
0

/2
=[- cos fsin™ ! 0] g/Q + / (n — 1) cos?@sin" 26 db
0

/2

:0—|—/ (n —1)(1 — sin® #) sin™ 2 do
0

=n—-1)(In—2—1In)

So 1
L="""1
n

We can directly evaluate the integral to obtain Iy = 7/2, I; = 1. Then

1 3 2n-1 2n)!

I, = =.2... 9 =) 7

=51 T 2T e a
Lo 2.4 2n  (2"n!)?
TR 241 (2n+ 1)

So using the fact that I,, is decreasing, we know that

I, oy — 1
1< 22 o222l g .

T Iopt1r T Iopga 2n

26—n+A

Using the approximation n! ~ n™*1/ , where A is the limit we want to

find, we can approximate

bn
bn+1

2n)1)2 1 27
=z 1) | il ~ e+ - 2

Since the last expression is equal to 1, we know that A = logv/27. Hooray for
magic! O

Proposition (non-examinable). We use the 1/12n term from the proof above
to get a better approximation:

V2rnn T 2e g < nl < V2t 2ot
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2 Axioms of probability

2.1 Axioms and definitions
Theorem.
(i) P(@)=0
(i) P(AY) =1 —P(A)
(iii) AC B=P(A) <P(B)
(iv) P(AU B) =P(A) + P(B) —P(AN B).
Proof.
(i) © and 0 are disjoint. So P(Q2) + P(0) = P(2U 0) = P(Q2). So P(0) = 0.
(i) P(A) + P(AY) = P(Q) = 1 since A and AY are disjoint.

(iii) Write B = AU (BN A€). Then
P(B) = P(A) + P(Bn A°) > P(A).

(iv) P(AU B) = P(A) + P(B N AY). We also know that P(B) = P(AN B) +

P(B N A®). Then the result follows. O
Theorem. If Ay, As,--- is increasing or decreasing, then
lim P(4,) =P ( lim A").
n— oo n—oo
Proof. Take By = A1, By = Ay \ A;. In general,
n—1
B, =A,\ | 4
1
Then . . - -
UBZ:UA’L7 UBz:UAz
1 1 1 1
Then

= iP(Bi) (Axiom IIT)
- Jim Y P(5)

I
=
e

=

N
=

=

N——

= lim P(4,).

n— oo

and the decreasing case is proven similarly (or we can simply apply the above to
AC), 0
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2.2 Inequalities and formulae

Theorem (Boole’s inequality). For any Ap, Ag, - -,

Proof. Our third axiom states a similar formula that only holds for disjoint sets.
So we need a (not so) clever trick to make them disjoint. We define

Blel
BQZA2\A1

1—1
B; = A;\ | Ax.
k=1

So we know that
U&ZUM

But the B; are disjoint. So our Axiom (iii) gives

]P’(LiJAZ) IP’(LZJ&) :Z]P(Bi) gZi:IP’(Ai).

Where the last inequality follows from (iii) of the theorem above. O

Theorem (Inclusion-exclusion formula).

]P’(CJ/L) :iP(AZ-)— STUP(AL NAL) A+ Y P(A, NA, NA,) — -

i1 <ig 11 <i2<i3
+ (=) P(A NN A).

Proof. Perform induction on n. n = 2 is proven above.
Then

IP(A1UA2U~-~AH):P(A1)+]ID(A2U~-~UAn)—IP’(O(AlmAi)>.

=2

Then we can apply the induction hypothesis for n — 1, and expand the mess.
The details are very similar to that in TA Numbers and Sets. O

Theorem (Bonferroni’s inequalities). For any events Ay, A, -, A, and 1 <
r < n, if r is odd, then

P (LTLJ Az> < ZP<A11) - Z P(AilAiz) + Z P(AhAizAis) +e

11 <t i1 <t2<1i3

+ > P(A, A A Ay,

11 <ta<--<ip
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If r is even, then

1 i1

i1 <io 11 <t2<13

— ) P4 AL AL Ay).

11 <ig < - <ip

Proof. Easy induction on n. O

2.3 Independence
Proposition. If A and B are independent, then A and B¢ are independent.

Proof.

2.4 Important discrete distributions

Theorem (Poisson approximation to binomial). Suppose n — oo and p — 0
such that np = A. Then

_ (™), K nek A" A
Qk—(k>]9 (1-p) - e
Proof.
n _
Q= (k)p’“(l —p)" "
_Inan-1)---(n—k+1) & np\n—Fk
TR nk (np) (1 B ;)
Lok —x
— E}\ e
since (1 —a/n)™ — e~ . O

2.5 Conditional probability

Theorem.
(i) P(AN B) =P(A | B)P(B).
(ii)) PANBNC)=P(A| BNC)P(B | C)P(C).

(i) P(A| BN C) = BLERE).
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(iv) The function P(- | B) restricted to subsets of B is a probability function
(or measure).

Proof. Proofs of (i), (ii) and (iii) are trivial. So we only prove (iv). To prove
this, we have to check the axioms.

(i) Let A C B. Then P(A | B) = T{E2 < 1.

(i) P(B | B) = g5 = 1.

(iii) Let A; be disjoint events that are subsets of B. Then

_ P(UiAimB)

P (Uz Ai)

P(B)
_ N P4
N Z P(B)
B P(A; N B)
-2 P(B)

=> P(A; | B). O

Proposition. If B; is a partition of the sample space, and A is any event, then
P(A) = Y B(ANB) = Y P(A] BIP(B),
i=1 i=1

Theorem (Bayes’ formula). Suppose B; is a partition of the sample space, and
A and B; all have non-zero probability. Then for any B;,

_ P(A| B)P(B)
P(B; | A) = >, P(A| B;)P(B;)

Note that the denominator is simply P(A) written in a fancy way.

10
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3 Discrete random variables

3.1 Discrete random variables
Theorem.
(i) If X > 0, then E[X] > 0.
(i) If X > 0 and E[X] = 0, then P(X = 0) = 1.
(iii) If a and b are constants, then E[a 4+ bX] = a + bE[X].
)

(iv) If X and Y are random variables, then E[X + Y] = E[X] + E[Y]. This is
true even if X and Y are not independent.

(v) E[X] is a constant that minimizes E[(X — ¢)?] over c.
Proof.
(i) X > 0 means that X (w) > 0 for all w. Then

E[X] = prX(w) > 0.

(i) If there exists w such that X(w) > 0 and p, > 0, then E[X] > 0. So
X(w) =0 for all w.

(iii)
Ela+bX]=> (a+bX(w)po =a+bY p,=a+bEX].

(iv)

EX+Y] =Y p[X(@)+Y(W)] =Y pX(@)+)_ p.Y(w) = E[X]+E[Y].

(v)
E[(X — )] = E[(X — E[X] + E[X] — ¢)’]
= E[(X — E[X])* + 2(E[X] — ¢)(X —E[X]) + (E[X] - ¢)?]
=E(X —E[X])* + 0+ (E[X] — ¢)*.

This is clearly minimized when ¢ = E[X]. Note that we obtained the zero
in the middle because E[X — E[X]] = E[X] — E[X] = 0. O

Theorem. For any random variables X7, X5, -+ X,,, for which the following
expectations exist,

E Zn:X] :iE[Xi].
Proof.
D W)X (W) + -+ Xn(w)] =D p)Xi(w) -+ Y pw)Xn(w). O

11
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Theorem.
(i) var X > 0. If var X = 0, then P(X = E[X]) = 1.

(i) var(a +bX) = b?var(X). This can be proved by expanding the definition
and using the linearity of the expected value.

(iii) var(X) = E[X?] — E[X]?, also proven by expanding the definition.

Proposition.
- E[I[A]] = 22, p(W)I[A](w) = P(A).
~ I[AC] =1 - TI[A].

— I[An B] = I[A|IB].
- IJAUB| =I[A] + I|B] — I[A]I[B].
— I[A]? = I[A].
Theorem (Inclusion-exclusion formula).
P (UAZ) =D P(A) = > P(A, NAL)+ Y P(A;, NA, NA,) — -
i 1 11 <ig 11 <i2<1i3
+ (=D P(A; NN A).

Proof. Let I; be the indicator function for A;. Write

Se= Y. ILiL,--I,
1 <tg < - <ip
and
s, =E[S,]= Y P4, N---NA).
1< <y
Then .
1-JJ—1) =81 =S+ 8-+ + (=1)" 'S,
j=1
So
P (UA]> =E|1-— H(l — Ij)‘| =8 — 82+ 83— -+ (_1)71—18”' O
1 1
Theorem. If X, -+, X, are independent random variables, and fi,--- , f, are
functions R — R, then f1(X1),- -, fn(X,) are independent random variables.

Proof. Note that given a particular y;, there can be many different x; for which
fi(x;) = y;. When finding P(f;(z;) = y;), we need to sum over all z; such that

12
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P(fi(X1) =v1, fuXn) =wyn) = > PXi=a1,-, X, =1,)
z1:fi(e)=y1
xn:fn(;’fn)zyn
- S [TE-a
w11f1(?1):y1 =1
xn:fn(.xn):yn

ﬁ Y PXi =)

=l fi(zi)=y;

= HP(fi(xi) = ¥i)-
i=1

Note that the switch from the second to third line is valid since they both expand
to the same mess. O

Theorem. If X;,--- , X, are independent random variables and all the following
expectations exists, then

E [H Xz} - [Ex).
Proof. Write R; for the range of X;. Then
n
E |‘1_[AXVZ = Z Z 1T Tp XP(Xl =Xy, ,Xn :.I‘n)
1

r1ER, Tn€R,

H Z P(X; = x;)

1=1xz,€ER;

- ﬁE[Xi]. O

Corollary. Let X1,--- X, be independent random variables, and f1, fo, - fn
are functions R — R. Then

B[] fi(x)] = [T Elf ).

Theorem. If X1, X5, -+ X, are independent random variables, then

var (Z Xi) = Zvar(Xi).

13
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Proof.
var (ZXZ) =E [(ZX1>2] _ (E [Zlez
—E > x> x| - (X IE[)Q-])2

i#£]

= STEXY + Y EIXEL] - S (BLX)? — 3 EIXELX)
i#] i#j

= S E[XY] - (BLX)*. a

Corollary. Let X7, Xo,--- X,, be independent identically distributed random
variables (iid rvs). Then

Proof.

I
\
3
=
»
ke
S~—

3.2 Inequalities

Proposition. If f is differentiable and f”(x) > 0 for all x € (a,b), then it is
convex. It is strictly convex if f”(z) > 0.

Theorem (Jensen’s inequality). If f : (a,b) — R is convex, then

> opif(w) > f (sz-:@)
i=1 i=1

for all p1,pa,- -+, pn such that p; > 0 and > p; =1, and z; € (a,b).

This says that E[f(X)] > f(E[X]) (where P(X = z;) = p;).

If f is strictly convex, then equalities hold only if all x; are equal, i.e. X
takes only one possible value.

14
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Proof. Induct on n. It is true for n = 2 by the definition of convexity. Then

To+ -+l
fprz1 + -+ ppxn) = f (pm 4 (pat -+ pn) B2 )

P2+ +pn

<pif(xr) + (p2+ - pa)f (mzjriizmn>

=pif(z1) + -+ palxn).

where the () is pa + -+ + pn.
Strictly convex case is proved with < replaced by < by definition of strict

convexity. O
Corollary (AM-GM inequality). Given 1, -+ ,x, positive reals, then
1/n 1
(=) =5 X
Proof. Take f(z) = —loga. This is concave since its second derivative is
-2
x> 0.

Take P(x = x;) = 1/n. Then

E[f(z)] = % > —loga; = —log GM

and 1
f(E[z]) = —log - th = —log AM

Since f(E[z]) < E[f(x)], AM > GM. Since — logz is strictly convex, AM = GM
only if all x; are equal. O

Theorem (Cauchy-Schwarz inequality). For any two random variables X,Y,
(E[XY])? < E[X?E[Y?].

Proof. If Y = 0, then both sides are 0. Otherwise, E[Y?] > 0. Let

_ E[XY]
w=X-Y"- B[y
Then
) ) E[XY] ., (E[XY])?
E[w?] = E | X% - 2XY E[[YQ}] +Y ((]E[[YQ]}))Q
_miv2 o BIXY])? | (E[XY])?
=E[X“] -2 E[y7] + E[V?]
iy (EXY])?
=B T
Since E[w?] > 0, the Cauchy-Schwarz inequality follows. O

15
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Theorem (Markov inequality). If X is a random variable with E|X| < oo and
€ > 0, then

E|X
P(x| > o) < 2K
Proof. We make use of the indicator function. We have
X
nx = e < Bl
€
This is proved by exhaustion: if | X| > e, then LHS = 1 and RHS > 1; If | X| < ¢,

then LHS = 0 and RHS is non-negative.
Take the expected value to obtain

E|X
P(|IX|>¢) < % 0

Theorem (Chebyshev inequality). If X is a random variable with E[X?] < oo
and € > 0, then

E[X?]
P(|X|>e) < o
Proof. Again, we have
2
x
10x1= e < 4.
Then take the expected value and the result follows. O

3.3 Weak law of large numbers

Theorem (Weak law of large numbers). Let X7, Xo, - - be iid random variables,

2
P(
as n — o0.

with mean p and varo~.
Let Sn = Z?:l Xi~
We say, 37” tends to p (in probability), or

Then for all € > 0,

n

S
—u‘>5)—>0

Sn
= =, .
n ;D/j‘

Proof. By Chebyshev,

Vv
)
S~
IA
™
no

\

|
1
o
O

16
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Theorem (Strong law of large numbers).

P(Aﬂlﬁuasn%oo)l.
n

We say
S
= —as My
n

where “as” means “almost surely”.

3.4 Multiple random variables

Proposition.
(i) cov(X,c) =0 for constant c.
(ii) cov(X 4+ ¢,Y) = cov(X,Y).
Y) =cov(Y, X).

(iii) cov

(iv) cov

(
(X,
(X,Y) = E[XY] - E[X]E[Y].
(X,

(v) cov(X,X) = var(X).
(vi) var(X +Y) =var(X) + var(Y) 4+ 2cov(X,Y).
(vii) If X, Y are independent, cov(X,Y) = 0.
Proposition. |corr(X,Y)| < 1.
Proof. Apply Cauchy-Schwarz to X — E[X] and Y — E[Y]. O

Theorem. If X and Y are independent, then
E[X | Y] = E[X]

Proof.

Theorem (Tower property of conditional expectation).
Ey[Ex[X | Y]] = Ex[X],

where the subscripts indicate what variable the expectation is taken over.

17
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Proof.

=> 2Y P(X=1Y =y)
= ZZ]P(X =1z)
= E[X]. O

3.5 Probability generating functions

Theorem. The distribution of X is uniquely determined by its probability
generating function.

Proof. By definition, py = p(0), p1 = p’(0) etc. (where p’ is the derivative of p).
In general,

d? 4
P e

So we can recover (po,p1,---) from p(z). O
Theorem (Abel’s lemma).

E[X] = lim p/(2).

z—1
If p/(2) is continuous, then simply E[X] = p/(1).

Proof. For z < 1, we have
Pz) =) rpz""t <> rp, = E[X].
1 1

So we must have
lirrip/(z) < E[X].
z—

On the other hand, for any ¢, if we pick N large, then

N

er,« > E[X] —e.

1
So

N N 0o
I r—1 . r—1 _ q: /
E[X]-e< zl:rp,. —iﬂzl:rprz < iﬂzl:rprz —lﬂp (2).

So E[X] < lirri p'(z). So the result follows O
2

18
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Theorem.

E[X(X ~1)] = lim p"(2).
Proof. Same as above. O
Theorem. Suppose X1, Xo, -+, X, are independent random variables with pgfs

P1,D2, " - yDn. Then the pgf of X1 + Xo + -+ X, is p1(2)p2(2) - - - pn(2).
Proof.

E[sX++%] = E[s% %] = B[ B[] = () -pa(). O

19
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4 Interesting problems

4.1 Branching processes

Theorem.

Proof.

Foy1(2) = E[z%+]
= E[E[zX"+ | X,,]]

= P(X, = k)E[zX" | X, = k]

=Y P(X, = kE[T TP | X, = k]
k=0

=Y P(X, = k)E["]E[z"?] - E[""]
k=0

> P(X, = k)(E[N])
k=0

> P(X, = k)F(2)"
k=0

= Fu(F(2))

Theorem. Suppose
E[X)] =) kpe=p

and
var(X;) = E[(X — M)2] _ Z(k _ M)zpk < .
Then
E[X,] =u", varX, =o* " "1+ p+p’ 4 +p" )
Proof.

Then by induction, E[X,,] = ™ (since Xy = 1).
To calculate the variance, note that

var(X,) = E[X?] — (E[X,])?
and hence

E[X7] = var(X,) + (E[X])*

20
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We then calculate

var(Xp) + (E[X4])? | Xp1]
Xn—1 var(X1) + (uXn-1)?]
K10 + (nXp—1)?]
= o+ PEIX )
So
var X,, = E[X2] — (E[X,])?

= W E[Xo_ ]+ o — P (E[X, 1))

— JR(E[X2_,] — E[X,1]%) + 0%

= P var(X,_1) + o?pu" !

= ptvar(Xp2) + o (1"t + ")

= p? D var(Xy) + o (" At e )

=" (Ut ).
Of course, we can also obtain this using the probability generating function as
well. O
Theorem. The probability of extinction ¢ is the smallest root to the equation
q = F(q). Write p = E[X;]. Then if 4 <1, then ¢ = 1; if 4 > 1, then ¢ < 1.

Proof. To show that it is the smallest root, let a be the smallest root. Then note
that 0 < a = F(0) < F(«) = « since F is increasing (proof: write the function
out!). Hence F(F(0)) < «. Continuing inductively, F,,(0) < « for all n. So
g= lim F,(0) < a.
n—oo
So ¢ =a.

To show that ¢ = 1 when p < 1, we show that ¢ = 1 is the only root. We
know that F'(z), F"(z) > 0 for z € (0,1) (proof: write it out again!). So F' is
increasing and convex. Since F’(1) = p < 1, it must approach (1,1) from above
the F' = z line. So it must look like this:

So z =1 is the only root. O
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4.2 Random walk and gambler’s ruin

22
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5 Continuous random variables

5.1 Continuous random variables

Proposition. The exponential random variable is memoryless, i.e.
PX>a+z|X>z)=P(X > 2).

This means that, say if X measures the lifetime of a light bulb, knowing it has
already lasted for 3 hours does not give any information about how much longer
it will last.

Proof.

P(X >z +2)
P(X > )
_ f;iz f(u) du

f;o f(u) du

ef/\(erz)

PX>z+z|X>2)=

e~

_ €7>\Z

=P(X > 2). O

Theorem. If X is a continuous random variable, then

E[X] :/OOOIP(XEQ:) dx—/OOOIP(Xg ) da.

Proof.
/0 P(X > ) dx:/o /z fly) dy dz
=/O /0 Iy = 2]f(y) dy dx
— [ ([t <) s ay
0 0
= [ wyfly)dy
0
We can similarly show that [j~P(X < —z) dz = — fEOO yf(y) dy O

5.2 Stochastic ordering and inspection paradox

5.3 Jointly distributed random variables

Theorem. If X and Y are jointly continuous random variables, then they are
individually continuous random variables.

Proof. We prove this by showing that X has a density function.
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5  Continuous random variables IA Probability (Theorems with proof)

We know that

P(X € A)=P(X € AY € (—o0,+00))

L[ e

=/_O;f(zv,y)d

is the (marginal) pdf of X. O
Proposition. For independent continuous random variables Xj,

(i) E[JTX:] = JTE[X:]

(i) var(d X;) = > var(X;)

5.4 Geometric probability

5.5 The normal distribution

/oo ! e 2z (@ = 1.

2702

Proposition.

Proof. Substitute z = (x;—“) Then

o0 1 1.2
I= e 2% dz.
[m V 27T

> 1 —’E2/2 /Oo 1
e dx e
/—oo V 27T 0o V 2’]T

o] 2m 1 2
/ —e " 2rdrdo
0 0 2'/T

1. O

Then

2
72 y/2dy

Proposition. E[X] = p.
Proof.

E[X] = 721 /00 ze~@=m?/20% gy
Yixe

= 2; /00 (x— ;L)(f(g““)Q/z‘72 dz + \/; /00 ,uef(””**‘)z/z‘72 dz.
TO J—00 O J—0

The first term is antisymmetric about p and gives 0. The second is just g times
the integral we did above. So we get pu. O
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Proposition. var(X) = o2.

Proof. We have var(X) = E[X?]—(E[X])?. Substitute Z = % Then E[Z] = 0,
E[Z?] = LE[X?].

Then
var(Z) = L /Oo e /2 dz
V2T J_so
1 2,51 1 L,
_ —2°/2 - —z%/2
= |- ze + e dz
[ V2T }OO V2T [00
=0+1
=1
So var X = ¢2. O

5.6 Transformation of random variables

Theorem. If X is a continuous random variable with a pdf f(z), and h(z)
is a continuous, strictly increasing function with h=!(x) differentiable, then
Y = h(X) is a random variable with pdf

i) = Fx (7 ) 3o )
Proof.

Fy(y) =P(Y <vy)
=P(h(X) <y)
=P(X <h™'(y))
=F(h™'(y))

Take the derivative with respect to y to obtain

d

fY(y)::F¥(y)::f(h’luﬁ)aah’1@0~ O

Theorem. Let U ~ UJ0, 1]. For any strictly increasing distribution function F,
the random variable X = F~1U has distribution function F.

Proof.
P(X <z)=PF1U) <z)=PU < F(x)) = F(x). O

Proposition. (Y3,---,Y,,) has density
g(yla e 7y7l) = f(sl(y17 e ayn)’ o 'Sn(yh T 7yn))|J|

if (Y1, ,yn) € S, 0 otherwise.
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5  Continuous random variables IA Probability (Theorems with proof)

5.7 Moment generating functions

Theorem. The mgf determines the distribution of X provided m(6) is finite
for all # in some interval containing the origin.

Theorem. The rth moment X is the coefficient of % in the power series
expansion of m(6), and is
EXT] = Som@)|  =m™(0).
don 0—0
Proof. We have
2
e?X :1+9X+%X2+--- .
So
92
m(0) = E[e’*] =1 + 0E[X] + gIE[X?] 4o 0

Theorem. If X and Y are independent random variables with moment gener-
ating functions mx (0), my (6), then X + Y has mgf mx.y (0) = mx(0)my (0).

Proof.

E[e’X )] = E[e"X ] = E[e"¥|E[”] = mx (0)my (0). -

26



6 More distributions IA Probability (Theorems with proof)

6 More distributions

6.1 Cauchy distribution

Proposition. The mean of the Cauchy distribution is undefined, while E[X?] =
0.

Proof.

[e%s) 0
x x
Ex] = —% 4 A T
K= [ s et s e
which is undefined, but E[X?] = oo + oo = co. O
6.2 Gamma distribution

6.3 Beta distribution*

6.4 More on the normal distribution

Proposition. The moment generating function of N(u,0?) is
0X Lo o
E[e"*] = exp 9u—|—§90 .

Proof.

E[e?X] =/ " 21 em27 @1 g
o o

Substitute z = % Then

< 1 1.2
E[ef¥X] = / ——flutoz) =327 4,
[e™] -
_ butles? /OC L 190
— efrts e 2 dz
oo V2T
—_—
pdf of N(c6,1)
= fnta0®o® O
Theorem. Suppose X, Y are independent random variables with X ~ N (u1,0%),
and Y ~ (po,0%). Then
(i) X +Y ~ N1 + p2, 07 + 03).
(i) aX ~ N(apy,a’0?).
Proof.
(i)
E[QQ(XJrY)} _ E[GGX] . ]E[GGY}
— 611,10—&-%17%92 . e/t29+%039

— olmtu2)0+3 (0t +03)6

which is the mgf of N(uy + ug2, 0% + 03).
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(i)
E[ee(aX)] — E[G(Ga)X]
_ 6u(a9)+%02(a0)2

_ plam0+3(a*0?)6? 0

6.5 Multivariate normal
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7 Central limit theorem

Theorem (Central limit theorem). Let X3, X5, -+ be iid random variables with
E[X;] = p, var(X;) = 02 < co. Define

Sn=X1 4+ + X,

Then for all finite intervals (a, b),

. Sp —np /b 1 14
lm Pla< ————<b| = e 2" dt.
=00 ( N U\/ﬁ N ) a V21

Note that the final term is the pdf of a standard normal. We say

Sp —np
——— —p N(0,1).
O'\/ﬁ D ( ) )
Theorem (Continuity theorem). If the random variables X7, X5, -+ have mgf’s
mq(0),ma(0), - and m,(0) — m(0) as n — oo for all 4, then X,, —p the

random variable with mgf m(6).

Proof. wlog, assume y = 0,02 = 1 (otherwise replace X; with —Xio,—“).

Then
02
mx,(0) = E[e?X] =1+ 0E[X,] + 51[«3,[)(12] ...
1 1 ,
=1+ -0>+ —0°E[X3] + -
TRl gt EX

Now consider S,,/v/n. Then

E[e?Sn/ V] = E[ef (X1t +Xn)/ V]
_ E[QQXI/\/E] . ]E[GGX"/\/E}

as n — oo since (1 + a/n)" — e*. And this is the mgf of the standard normal.
So the result follows from the continuity theorem. O
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8 Summary of distributions

8.1 Discrete distributions

8.2 Continuous distributions
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